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viii Preface

These are the lecture notes of a course given at Xi’an Jiaotong university in summer
of 2005. They are intended for beginning graduate students who have finished a
first-year graduate course in basic partial differential equations.

The prerequisites include an understanding of the basic theory of the second-
order equations such as

1. Maximum principles, basic existence and uniqueness theorems.

2. A priori estimates such as the Schauder estimates, the LP estimates, the De
Giorgi—Nash—Moser estimates, the Krylov—Safanov estimates.

3. The fixed point theorems.

There is an enormous amount of work in the literature about the blow-up behavior
of evolution equations. It is our intention to introduce the theory by emphasizing the
methods while avoiding the massive technical computations if possible. To reach
this goal, we use the simplest equation to illustrate the methods; these methods very
often apply to more general equations. No attempt is made during the lectures to
include the most general theories and results.

I would like to use this opportunity to thank my colleagues at Xi’an Jiaotong
University for their hospitality. In particular, I am grateful to Professor Jianzhong
Shen (Fi##H1), who corrected quite a few errors in an earlier version of the lecture
notes. I am also grateful to Professor Lihe Wang (F 37.{1]), who invited me to give
the lectures.

Xi’an, China Bei Hu
Summer 2005
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Chapter 1
Introduction

Blow-up phenomenon occurs in various types of nonlinear evolution equations. For
example, they occur in Schrodinger equations, hyperbolic equations (see the papers
Kalantarov-Ladyzhenskaya [81] and Deng [25, 26], Galaktionov—Pohozaev [54]),
as well as in parabolic equations.

There are so many different applications and here we only list several important
examples.

Example 1. Heat equation with a source.
For the heat equation
u = Au+ f(x,t,u, Veu), (1.1)

the variable u can be viewed as the temperature in a chemical reaction. A positive f
represents a heat source, and the second-order derivative represents the diffusion.

In a situation where higher temperature will accelerate the chemical reaction and
the chemical reaction will generate heat, what will happen? Unless the heat energy
dissipates through diffusion, the temperature will likely become very high.

In solid fuel ignition [15, (1.28)], f may take the form ¢*. The nonlinear terms
|u|P or |u[P~ u are the most frequently studied examples. Even in the simplest form
that f depends only on u and is nonnegative, there is a competition between the
diffusion and the heat source, and it is not clear whether the temperature will become
unbounded in finite time. This is physically interpreted as a dramatic increase of the
temperature which leads to ignition. Some natural questions are

o Will the blow-up occur in finite time?

o If the blow-up occurs in finite time, where are the blow-up points? Can the blow-
up occur in a region?

o What is the asymptotic behavior of the solution near the blow-up time?

These questions have been studied extensively in the literature.

B. Hu, Blow-up Theories for Semilinear Parabolic Equations, Lecture Notes 1
in Mathematics 2018, DOI 10.1007/978-3-642-18460-4_1,
(© Springer-Verlag Berlin Heidelberg 2011



2 1 Introduction

Example II. Nonlinear Schrodinger equation.
For the Schrodinger equation

iug + Au+ f(Ju))u =0, (1.2)

the variable u is a complex valued wave function and f is a real valued function
taking real variables. In optics, the nonlinear Schrédinger equation describes wave
propagation in fiber optics. In this case, the function u represents a wave and the
equation describes the propagation of the wave through a nonlinear medium. The
second-order derivative represents the dispersion; the term involving f represents
the nonlinearity effects in a fiber. The nonlinear Schrodinger equation is also used
to describe water waves.

There are numerous research papers in the literature on this equation. In the case
f(s) = sP~1, the solution may or may not blow up in finite time, depending on the
exponent p and the magnitude of the initial data. Similar questions as in Example
I (Will the blow-up occur? What are the possible blow-up locations? What is the
asymptotic behavior?) are of interest.

Example III. Wave equation.
An example of the nonlinear wave equations may take the form

wp + kuy = Au+ f(u), (1.3)

where the Laplacian represents the dispersion. The term involving k represents the
damping effect. The nonlinear function f represents the force and may take the
form |u|P. Depending on the range of p and the initial data, the solution may or may
not blow up in finite time. The blow-up questions for this type of nonlinear wave
equations have also been studied extensively.

Blow-up behavior for various evolution equations and systems have also been
studied in numerous other papers. The survey papers Levine [86], Fila—Filo [34],
Bandle—Brunner [10] and Deng-Levine [28] are the good starting point to get a
sense of the current development of the blow-up theories.

There are several books (e.g., Samarskii—Galaktionov—Kurdyumov—Mikhailov
[125], Galaktionov [51], and Quittner—Souplet [123]) with very detailed and exten-
sive study on blow-up theory. These are very nice reference books for experts and
for researchers who want to quote results in this field. Improperly posed problems
were studied in Payne [114]. The goal of these lecture notes is to provide a one-
summer-semester of material for beginning graduate students who have had 1 year
of graduate level PDE theory. We choose only a very small subset of material from
Example I, and emphasize the method rather than the generality. We have chosen
the simple models to illustrate the method so that the students learn the method
rather than the complicated and sometimes massive computations. Nevertheless,
these methods very often apply to more general equations.
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Consider the ordinary differential equation (ODE)
uy = f(u), (1.4)

where f is assumed to be Lipschitz continuous. This equation can be solved
explicitly.

If f(u(t1)) = 0, then by uniqueness, u(t) = u(t1) forall t € (—oo, 00). Thus a
non-constant solution cannot touch the zeros of the function f. Therefore blow-up
can only occur if u(t1) starts at a point beyond all zeros of f. Assuming that this is
the case (i.e., f(s) > 0 for s > u(t1)), then

w®
— =1t — 1. 1.5
/u(tl) f(u) ' (1)

The right-hand side of the above equation is always bounded for finite ¢. It is clear
that in this case, a necessary and sufficient condition for solutions to blow up is

< du

— < 005 (1.6)
f(u)
this is the Osgood criterion, first introduced by Osgood in 1898 [113]. In the case
f(u) = —au + |[ulP, (e > 0). The solution blows up in finite time if and only if

p > 1and u(0) > a/®=1 1In the case diffusion is included with zero Dirichlet
boundary condition, the ODE solution can be used as an upper bound and therefore
(1.6) is a necessary condition for blow-up to occur.

The energy associated with f(u) = —au+ |u|?, (a >0, p>1)is

V(u) = gu2 — ——|ulPu.

V(—0) = 400, V(4+00) = —o0, and there are only two local extrema: a local
minimum at v = 0 with V(0) = 0, and a local maximum at v = a'/(=1) with

V(at/ =1y = 2(1;111) a®PT1)/P=1) Ttis clear that

/0 Ww2(s)ds + V(u(t)) = V(u(0).

Any solution starting in the interval (—oo, a'/(?~1)) converges to 0 as t — oo, and
as mentioned above, any solution starting in the interval (al/ (p=1) +00) blows up
in finite time. In this case, the graph over the interval (—oo, a'/(»=1)) forms a well
that attracts all solutions starting inside this interval.

The above argument is associated with a powerful tool of interest: the poten-
tial well theory (c.f. Payne—Sattinger [115], for hyperbolic equations). Instead
of a dynamical system, it utilizes a functional in an appropriate Sobolev space.
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A potential well is a region near a locally minimal potential energy. Solutions start-
ing inside the well are global in time, and the energy is nonincreasing in time.
Solutions starting outside the well and at an unstable point blow up in finite time.
This theory has developed for a variety of nonlinear evolution equations.

We now return to the case of (1.1). When f is like |u|P, the question of whether
the solution blows up in finite time will depend on which of the following wins the
competition: the nonlinear heat generation, or the heat dissipation by diffusion. If
enough heat energy is dissipated (e.g., through the boundary), then blow-up may
be prevented. It it not surprising that some finite time blow-up results require large
enough initial data (initial heat energy). There are many results since the 1960s, and
in these lecture notes, we shall cover selected topics in the field.

These lecture notes are organized as follows.

At the request of students, we list the preliminary material from elliptic and
parabolic equations in Chaps.2—4. Some exercises are included in these chapters
to help the understanding of the material in the later chapters.

Chapter 5 is devoted to give answers to the question of whether blow-up will
occur. We include the simple eigenvalue method from Kaplan [80] and Fujita
[46]. We also cover the concavity method from Levine—Payne [90,91] and Levine
[85]. We also include some simple comparison methods. Some early papers also
appeared in the 1970s, e.g., Tsutsumi [131], Hayakawa [70], Walter [133], Ball [7],
Kobayashi—Siaro—-Tanaka [82], Aronson—Weinberger [6]. There has been a parade
of work since then for many similar problems arising from chemical reactions, fluid
mechanics, turbulent flows, etc. Near the end of Chap. 5 we included a brief remark
by a variety of mathematicians on extensions to other problems.

The study of blow-up behavior is dependent upon the behaviors of steady state
solutions. Fortunately, when the equation for the steady state solution is simple
enough, the solutions can be classified. In Chap. 6, we introduce the moving plane
method from Gidas—-Ni—Nirenberg [61]. For the equation Au 4 u? = 0, this method
leads to the nonexistence of positive solutions for p < Z—fg and a classification of
the solutions to the problem Au+u? = 0 forp = Z—fg The classification is actually
related to the study of the Yamabe problem.

Chapter 7 is devoted to giving answers to the questions on the blow-up rate.
If the order of blow-up is the same (but with possibly different constants) when
compared to the ODE blow-up rate, then it is referred to as a type I blow-up rate.
The method of using auxiliary functions and the comparison principle is a powerful
one that has been successfully used by many authors; we choose the special method
given by Friedman—-McLeod [42], who did this to successfully obtain a blow-up
rate. The scaling method is another powerful tool for studying many properties (e.g.,
regularity) of solutions to elliptic and parabolic equations. It is not surprising that
this method is also very useful to obtain blow-up rates. The scaling method [73,75]
applied to blow-up rate estimate is also included in this chapter.

Asymptotically self-similar blow-up solutions are studied in Chap. 8. In a sense,
solutions near the blow-up point can be characterized in much finer detail using self-
similar solutions. The material in the first two sections is from Giga—Kohn [64, 65],
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while the last section deals with the construction of a general Lyapunov function in
the one-space-dimensional case (Galaktionov [50], Zelenyak [148]).

The one-space-dimensional case is easier to deal with when compared to higher
dimensional cases. With one space dimension and the time variable, the total dimen-
sion for the problem is two. In this case, a continuous curve in the x—¢ plane starting
in the left half of the plane {(z,t); < 0} cannot end up at the right half of the
plane {(z,t); > 0} without crossing the t-axis {x = 0}. This argument cannot be
extended to higher space dimensional cases. The special geometry makes it easier
to count the number of zeros and makes intersection comparison possible. There are
very nice books for one space variable case (or radially symmetric multi-space vari-
able case) Samarskii—Galaktionov—Kurdyumov-Mikhailov [125] and Galaktionov
[51]. Chapter 9 is meant to be a sampler of this material.






Chapter 2
A Review of Elliptic Theories

In Chaps. 2—4 we shall review material from first year PDE courses. These theories
can be found in many books such as Chen—Wu [21], Chen [20], Gilbarg—Trudinger
[67], Lieberman [94]. Compared to others, the books [21] and [20] are not intim-
idating even for beginners and therefore are excellent textbooks for beginning
graduate students. The book [21] received the textbook excellence award from the
education department of China. Some of the more classical theories can also be
found in Ladyzenskaja—Solonnikov—Ural’ceva [83], Ladyzenskaja—Ural’ceva [84]
and Friedman [43], and the classical maximum principles in Protter—Weinberger
[118]. In this chapter we list the elliptic theories that we will need later on.

2.1 Weak Solutions and a Weak Maximum Principle

Let {2 be a domain in R™. Consider elliptic equations of divergence form in {2:

Lu= -3 Dj(@’Diu+diu)+ Y (W'Diutcu) = f+ Y Dif', (2.1

] %

0 L . . .

where D; = Er To simplify notation, we shall use the summation convention
€L

where repeated index means summation. We can then drop the ) in the above

equation. We assume that there exist positive constants A, A such that

NéP? < a ()65 < AIEPP,  VEER™ z e L, (2.2)
ST N Lna) + DMl Lngay + llel sz < A. (2.3)
=1 =1

For u,v € H({2), we set

a(u,v) = /Q {(aijDiu + d?u)Djv + (V' Dyu + cu)v}dx.

B. Hu, Blow-up Theories for Semilinear Parabolic Equations, Lecture Notes 7
in Mathematics 2018, DOI 10.1007/978-3-642-18460-4_2,
(© Springer-Verlag Berlin Heidelberg 2011



8 2 A Review of Elliptic Theories

Definition 2.1. For f € L2(02), f* € L?(2) and g € H'(§2), we say that u €
H(£2) is a weak solution of the Dirichlet problem

Lu=f+Y Dif in,
i (2.4)
u=gq on 02,

if u satisfies

a(u,v) = (f,v) = Y _(f',Dw), v e HJ(R),
i 2.5)

u—ge H(%(“Q)v
here we use the notation (f, g) = / fgdx.
Q

Definition 2.2. u € H'(2) is said to be a weak subsolution (weak supersolution),
if

a(u,¢) < (=) (f,¢) — (f',Dip), Vo€ C5®(R2),¢ > 0. (2.6)

Theorem 2.1 (Weak maximum principle). [21, p. 9, Theorem 4.2]. Let the
assumptions (2.2), (2.3) be in force, and

/ (cp 4+ d'Dip)dx =0, Yo € C(02),¢ > 0.
2

Ifu € HY(92) is a weak subsolution, then for any p > n, we have

esssupu € supu® + (| fllpomsnenien + 3 1 sl 2000,
where C depends only on n,p,\, A, 2 and b’,d*,c, and it is independent of the
lower bound of | (2|.

2.2 Schauder Theory

The C?** Schauder theory for the Dirichlet problem of second order elliptic equa-
tions was established as early as the 1930s. The theory is complete as far as classical
solutions are concerned.

Let {2 be a bounded domain. Consider the linear second order elliptic equation
of non-divergence form:

Lu = —aijDZ-ju +b'Diju+cu=f inf2. 2.7)
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Assume that there exist A4 > A\ > 0 such that
MNEP < a(z)66; < AIE)?, Vo € 2,6 €R™, (2.8)

a’, b ce C*(2) (0 <a<1)and

{Z|aij|a;ﬂ+2|bi|a;()+ C|a;(2} g Aa- (29)
i.j i

> =

Theorem 2.2 (Interior Schauder estimates). [21, p. 28, Theorem 4.3]. Suppose
that the coefficients in (2.7) satisfy the assumptions (2.8) and (2.9). Let u €
C?%(£2) (0 < a < 1) be a solution of (2.7). Then for £2' CC {2, we have

1
|ul2,0;00 < C(Xlﬂa;ﬂ + |U|o;9>, (2.10)

where C depends only on n,a, A/\; A, and dist{ {2, 02}.

Theorem 2.3 (Global Schauder estimates, Dirichlet). [21, p. 31, Theorem 5.3].
Let the assumptions (2.8), (2.9) be in force, and 92 € C** (0 < a < 1). Suppose

that u € CQ’O‘(E) is a solution of (2.7) satisfying the boundary condition u‘an =g
for some g € C**(R2). Then

1
|Uf|2,a;ﬂ < C<X|f|o¢;9 + ‘u|0;(2 + |g|2,o¢;(2>a (211)

where C' depends only on n, o, A\, A, and 2.

Theorem 2.4 (Global Schauder estimates, Neumann). [67, p. 127, Theorem
6.30]. Let the assumptions (2.8), (2.9) be in force, and 92 € C** (0 < a < 1).

Suppose that u € C*%(§2) is a solution of (2.7) satisfying the boundary condition

du

o = g for some g € C 1’O‘(ﬁ), where n is the unit exterior normal vector. Then
an

1
il < € (5l + uloa + gl i ). 1)

where C' depends only on n, o, A\, A, and S2.

Remark 2.1. The term |u|o.s, can be dropped in (2.11), (2.12) if we further assume
c>0.

Remark 2.2. The estimates also extends to other oblique boundary conditions.
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Consider the Dirichlet problem

—a"Diyju+b'Diu+cu=f inf2, (2.13)
u=g¢g onqf2 (2.14)

Theorem 2.5 (Existence and uniqueness, Dirichlet). [21, p. 36, Theorem 7.3].
Let 012 € C*° (0 < a < 1). Suppose that the coefficients in (2.13) satisfy (2.8)
and (2.9), ¢ = 0, f € C*(2), and g € C>*(12). Then the problem (2.13), (2.14)
admits a unique solution u € C**(2).

Remark 2.3. [21, p. 34, Theorem 7.2]. If the condition 82 € C?%% is replaced
by exterior sphere condition and g € C%%(2) is replaced by the existence of an
extension such that g € C(£2), then the above existence and uniqueness is valid in
the space C>*(2) N C(92).

Consider next the linear second order elliptic equation of divergence form:
Lu=—D;(a”Diu+ d’u) + b'Diu+cu = f+ D;f* in 2. (2.15)
Assume that there exist 4 > \ > 0 such that
MgP* < a(2)&i&; < AlgJ°, Vo € 2,6 €R™, (2.16)

a?,d, ff e C*(N) (0 < a<1)and b, c, f € L®(£)

1 g ) )
X{Z|a”|a;9+ § |dj|a;9+ § bZ|L°°+|CLOQ} S Ao @17
%7 J i

Theorem 2.6 (Interior Schauder clte estimates). [67, p. 210, Theorem 8.32].
Suppose that the coefficients in (2.15) satisfy the assumptions (2.16) and (2.17). Let
u € CH(02) (0 < a < 1) be a solution of (2.15). Then for 2 CC (2, we have

‘u|1,a;f)’ < C(;(Z ‘fl

i

a; 2 + |f O;Q) + U|O;Q>7 (218)

where C depends only on n, o, A/ X\, A, and dist{ 2", 002}.

Theorem 2.7 (Global Schauder C*™% estimates, Dirichlet). [67, p. 210, The-
orem 8.33]. Let the assumptions (2.16), (2.17) be in force, and 952 € C4©
(0 < a < 1). Suppose that u € CY*(0) is a solution of (2.15) satisfying the

boundary condition u‘an = g for some g € CY(02). Then

1

e < O(5 (X1 + Sloa) +laloe + I

1,a;.Q>7 (219)

i

where C' depends only on n, o, A\, Ay, and 2.
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Theorem 2.8 (Global Schauder C1™% estimates, Neumann). Let the assump-
tions (2.16), (2.17) be in force, and 82 € C1® (0 < a < 1). Suppose that

u € CH*(92) is a solution of (2.15) satisfying the boundary condition g—z ‘an =g

for some g € C*(2). Then

1 .
‘u|1,a;Q g C(X(; |fl|a;Q + ‘f|O,Q> + |U|0;Q + ‘g a;Q)a (220)

where C depends only onn,a, A/ X\, A, and (2.

The above theorem is a standard classical result. We outline the proof below:

Since a C'*@ diffeomorphism does not change the structure of the equation,
one can flatten the boundary. One can then proceed as in the proof of Theorem 2.7
to freeze the leading order coefficients [67, p. 210, (8.84)], so that the problem
is essentially reduced to —Au = f + D;f* with oblique derivative boundary
conditions. After extending f and f; to the lower half space and subtracting the
Newtonian potential (see (8.82) on p. 209 of [67]), the problem is essentially reduce
to — Ay = 0 with boundary condition D) (z)-v(x) = g(x), where v(x)-n # 0 and
n is the exterior normal, and v, g are in C“. The C''*® estimates of 1/ are covered
in [93, Theorem 1].

2.3 A Strong Maximum Principle

Theorem 2.9 (Hopf). ([67, p. 34, Lemma 3.4], see also the remark at the bottom of
the page after the proof). Suppose that (2 satisfies the interior sphere condition at
=120 € 02 andu € C?(2) N C(9) satisfies

Lu=—a”Diju+b'Diu+cu<0 inf2, (2.21)

where a¥,b', c € C(f2) satisfy the ellipticity condition (2.8) and ¢ > 0. If
u # const . and takes a non-negative maximum at x, then

lim inf ulzo + tn) — u(wo)
t—0 t

>0 (2.22)

for any direction n such that n - n. > 0, where n is the exterior normal vector.
In the case ¢ = 0, the phrase “non-negative maximum” may be replaced by
“maximum.”

Theorem 2.10 (Strong maximum principle). ([67, p. 35, Theorem 3.5], see also
the remark after the proof about locally boundedness of the coefficients). Suppose
that u € C?(02) satisfies

Lu= —aijDiju +b'Diu+cu <0 in 2, (2.23)
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where a' | b%, c € C(§2) satisfy the ellipticity condition (2.8) and ¢ > 0. If u takes a
non-negative maximum at an interior point in {2, then u = const.

In the case ¢ = 0, the phrase “non-negative maximum” may be replaced by
“maximum.”

2.4 De Giorgi—-Nash—-Moser Estimates

In 1957, De Giorgi established Holder norm estimates for solutions of elliptic equa-

tions with measurable coefficients. In 1958, Nash independently obtained similar

estimates for parabolic equations. This was a breakthrough for the study of quasi-

linear elliptic and parabolic equations. In 1960, Moser gave a simplified proof for

these estimates, and they are now called the De Giorgi-Nash—Moser estimates.
Consider the following equation of divergence form:

— Dj(a" Dju) + b'Dyu+ cu = f + D, f7, (2.24)
where we assume that
NéP? < aég; < AP, Vo e 2, EeRY, (2.25)
D a2y + D Il (o) + el L) < A (2.26)
1,7 [

Theorem 2.11 (Interior estimates). [21, p. 62, Theorem 2.3]. Let the assumptions
(2.25), (2.26) be in force. f € L% (82), f* € L(82) for some ¢ > n, where
g« = nq/(n + q). If u is a weak solution of (2.24), then there exist C > 0 and
0 <~y < 1 such that for {2 CC 1,

[uly,or < Clulo,e + | fllza(2) + Z ||fi||Lq(Q)}, (2.27)

where C and ~ depend only on \, A, n, q, {2 and (.
Global estimates require the uniform exterior cone condition.

Theorem 2.12 (Global estimates, Dirichlet). [21, p. 65, Theorem 3.5]. Let the
assumptions (2.25), (2.26) be in force and the exterior cone condition is sat-
isfied uniformly on 0f2. f € L%(R), f' € Li(92) for some q > n, where

g« = ng/(n + q). If u is a weak solution of (2.24) with u = g‘{m for some
g € C*(042), then there exist C > 0 and 0 < vy < « such that

uly,e < C|lu

o+ o + X1 urcoy +loloon| . 229)

where C and -y depend only on A\, A, n, q, o and 2.

The Holder estimates also extend to conormal boundary conditions.
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2.5 LP Estimates

The WP estimate is based on the Calderén—Zygmund decomposition lemma and
the singular integral operator theory.
The continuity assumption on the leading order coefficients cannot be dropped.
Consider the operator

Lu= —ai-jDiju +bDiju+cu=f inf2. (2.29)

Assume that the coefficients in (2.29) satisfy

al& > NEP, Vo e ,6eR™, A>0, (2.30)
D a7 Loy + > 1|2y + el L) < 4, (2.31)
©j 7

aleC() (i,j=1,2,---,n). (2.32)

Theorem 2.13 (Interior estimates). [21, p. 47, Theorem 4.2]. Let the assumptions
(2.30)~(2.32) be in force. Suppose that u € W2P(2) (1 < p < oo) satisfies (2.29)
almost everywhere. Then for any 2" CC {2,

1
ullwzran < C{X\\f\\m(n) + ||u||LP(Q)}7

where C' depends only on n,p, A/, dist{(2', 02} and the modulus of continuity
of a¥.

Theorem 2.14 (Global estimates, Dirichlet). [21, p. 48, Theorem 5.4]. Let the
assumptions (2.30)—(2.32) be in force and assume that 92 € C2. Suppose that

u € W2P() (1 < p < o0) satisfies (2.29) almost everywhere and u = g’a ,
0
where g can be extended to a function on §2 such that g € W*P(£2). Then

1
lullwesiay < C{5 1Al + lullzoar + lgllwesce }

where C depends only on n,p, A/\, 2 and the modulus of continuity of a*.

Remark 2.4. If 92 € C?, then the trace operator W2P(§2) — W2=1/PP(90) is
continuous. So the term ||g|[yy2.» () may be replaced by [|gllyw2-1/p.0(90)-

Remark 2.5. The Schauder estimates imply the existence theorem for a C%“ solu-
tion. Similarly, the W2 estimates imply the existence theorem for a W2 solution.

Consider next the linear second order elliptic equation of divergence form:

Lu=—D;(a”Diu+ d?u) + b'Diu+cu = f+ D;f* in §2. (2.33)
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Assume that there exist A > \ > 0 such that

MEP < a(z)66; < AIE)?, Vo € 2,6 €R™, (2.34)
a’ € C(Q),d,b',¢ € L*(Q)and f' € LP(Q2), f € L9(2) with £ = 1 + 1,
1 , ‘
X{ Z | | oo (2) + Z |b"| oo () + C|Loo(rz)} < A (2.35)
J i

Theorem 2.15 (Interior estimates). Let the assumptions (2.34) and (2.35) be in
force. Suppose that u € WoP(2) (2 < p < oo) satisfies (2.33) in the weak sense.
Then for any 2’ CC {2,

1 ’L
lotbwrogan) < {5 (1o + 15 ) + e

where C' depends only on n,p, A/ \, Ao, dist{£2', 002} and the modulus of conti-
nuity of .

This theorem is also valid for elliptic systems. In the case d/ = 0,b* = 0,¢ = 0,
f =0, this theorem is a special case of the elliptic system discussed in [21, p. 157,
Theorem 2.2], or [59, p. s 71-74].

For nonzero f, we extend f to be zero outside {2 and let ) = A1 f. Using W?2?
estimates and embedding, we obtain [|V¢||L» < C||VY|lwia < C| f| La, so that
we can rewrite f as f = le(V?/J) and combine it with D; fl

In the general case we let f = f- bZD u — cu and fl = f' + d'u. Using
u € H, we find that f € L™in(2:9) and fi € Lmin(»,2") Thus the theorem is valid
for p; = min(p, 2*). If p; < n, a second iteration gives po = min(p, p}). A finite
number of iterations (with shrinking domains) completes the proof.

Theorem 2.16 (Global estimates, Dirichlet). Let the assumptions (2.34) and
(2.35) be in force and assume that 02 € C'. Suppose that v € WP ()

(2 < p < o0) satisfies (2.33) in the weak sense and u = g e where g can be
2
extended to a function on §2 such that g € WY (§2). Then

1 i
lullwiogay < {5 (1 aca + D2 18 Moy ) + lglwrne) + lulliae f-

where C depends only on n,p, A/\, Aw, 2 and the modulus of continuity of a*.

Note that the ||ul[g1(o) can be estimated in terms of [ju[/z2 under the given
structure. The rest of the proof is similar to that of the global W2 estimates.
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2.6 Krylov-Safonov Estimates

Krylov and Safonov obtained the Holder estimate for equations in non-divergence
form in 1980. The proof relies on the Alexandroff-Bakelman—Pucci maximum
principle.

Now we discuss the following elliptic equation:

Lu= —aijDiju +b'u+ cu = 1 (2.36)

where we assume that
(@) >0 in$2, (2.37)
le/D* [l m(0y + D> 16"/ D17 () < B, (2.38)

where D* = [det(a™)]*/™.

Theorem 2.17 (Alexandroff—Bakehnan—Pucci maximum principle). [21, p. 86,
Theorem 1.9]. Suppose that u € C(£2) N Wi:(()) satisfies the inequality Lu < f
almost everywhere in {2 and the coefficients satisfy (2.37), (2.38) and

c>=0 on/f2. (2.39)

Then

, (2.40)

L™ (£2)

+
supu(z) < supu(z) + CHf_*
o 002 D

where C' depends only on n, B and diam 2.

Theorem 2.18 (Interior C* estimates). [21, p. 95, Theorem 2.5]. Let the coef-
ficients of L satisfy the uniform ellipticity condition with elliptic constants A >
A > 0. Suppose that u € Wi:(Q) satisfies Lu = f almost everywhere in {2

and f/X\ € L"(02). Then there exist C > 0 and 0 < « < 1 such that, for any
BRo(y) C 2and0 < R < Ry,

Br(y)

R «
os¢ u < C<R_o> [\U|Lw(9) + Roll f/ Ml ()]

where C and o depend only on n and B.

Theorem 2.19 (Global C'™ estimates, Dirichlet). [21, p. 97, Theorem 3.2]. Let the
coefficients of L satisfy the uniform ellipticity condition with constants A > X > 0
and {2 satisfy the uniform exterior sphere condition. Suppose that u € Wi’:’(ﬁ)
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satisfies Lu = f almost everywhere in §2, u = gloo, where g € CP(02) and
f/A € L™(02). Then there exist C > 0 and 0 < o < 3 such that,

[ulae < C|lulog + lgla0 + /Al (@)

where C and o depend only on n, 3 and B.

2.7 Poincaré’s Inequality and Embedding Theorems

Theorem 2.20. (Embedding theorem [1, Theorem 5.4]). Let {2 be a bounded
domain, k a positive integer, and 1 < p < +o0.

(a) If §2 satisfies an interior cone condition, then

(i) for kp < n, WEP(Q) — L), ¥q € [p,p*], where p* = np/(n — kp);
(ii) for kp = n, WrkP(Q) < Li(£2), Yq € [p, +o0).

(b) If £2 is locally Lipschitz, then for kp > n,
WhP(02) — ch=1=In/Phe(@) Va0, aq),
where ag = [n/p] + 1 — (n/p) if n/p is not an integer, and oy can be chosen

to be any positive number less than 1 if n/p is an integer.

In all the above cases, the embedding constants depend onn, k, p, §2.

Theorem 2.21. (Compact embedding theorem [1, Theorem 6.2]). Let {2 be a
bounded domain, k a positive integer, and 1 < p < +o0.

(a) If §2 satisfies an interior cone condition, then the following embeddings are
compact:

(i) for kp < n, WFP(§2) — L1(£2), Yq € [p,p*), where p* = np/(n — kp);
(ii) for kp = n, WkP(Q) — Li(£2), Yq € [p, +0).

(b) If 2 is locally Lipschitz, then for kp > n, the following embedding is compact:
WEP(Q) — ck=1=In/Ple(@) va € [0, ap),

where «y is the same as in the above theorem.
Poincaré’s inequality:

Theorem 2.22. (Variational Principle for the principle eigenvalue, [30, p. 336,
Theorem 2]). Let §2 be a bounded domain. If u € H} (2), then

/\1/ u2dx</ |Vu|*dz,
7} 2
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where A1 > 0 is the first eigenvalue of the problem:

—Ap=A\p, in{2, ¢=0 ondf.
Theorem 2.23. [21, p. 213, Theorem 3.1]. Let {2 be a bounded domain in R™.

(1) Ifu € WyP(£2),1 < p < +0o0, then

/ lulPdz < C(n,p, Q)/ |Vu|Pde.
7 Q

(2) If 12 is a bounded domain with 952 Lipschitz continuous, then foru € WLP(§2),
1<p<+oo

1
lu —up|Pdx < C(n,p, 2) | |VulPdz, (ug = udm).
Q o) 192 Je

2.8 Exercises

2.1. Let {2 be anunded d(inain in R™. For any 0 < 8 < a < 1, show that the
embedding C*(£2) — C?(2) is compact.

2.2. Let {2 be a bounded domain with 952 € C?T®, Consider the linear second order
elliptic equation of non-divergence form:

—ay Dijug, + b Diuy + crup, = fr,  in 02,

Uk = g~ on 9f2,

where gy, is assumed to have been extended to 12, as usual.

(a) Assume that there exist A > A > 0, independent of &, such that
NP < af (2)€€5 < AP, Vo e 2,6 R,

ai \bi e, € C%(2) (0 < a < 1) and

Xz
]

a;f2 + Z |b}g|a,(l + |Ck|a;9 + |fk oc;!?} + |gk‘2+o¢;!2 < A;
[

(b) Assume that a?, b};, Ck» fr» and g converge weakly in L*(£2) to a¥, V', ¢, f,
and g, respectively;
(c) Assume that

sup |Jug|| o0y < 00;
1<k<oco
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(1) Prove that there is a subsequence {uy,} that converges in C2T4(2) to a
solution of the limiting problem, and that the limit belongs to the space
C*e(0).

(2) If we further assume that ¢, > 0 for all k, show that the assumption (c) is
no longer necessary. Furthermore, show that the convergence is valid for the
sequence {uy, }, not just limited to a subsequence.

2.3. Exercise 2.2 involves the Schauder estimate. Form and prove your result using
W?2P estimate.



Chapter 3
A Review of Parabolic Theories

All theorems in Chap. 2 have their parabolic version. As mentioned at the beginning
of Chap.2, the books [21] and [20] are not intimidating even for beginners and
therefore are excellent textbooks for beginning graduate students. Elliptic theories
are introduced in [21] and the parabolic theories are introduced in [20]. The results
from this chapter can also be found in [94] and [29].

3.1 Weak Solutions and a Weak Maximum Principle

Let {2 be a domain in R™. Consider parabolic equations of divergence formin {2 =
2 x(0,7):

Lu=u; — Dj(aijDiu +d'u) + (b'Dyu + cu) = f + ZDifi. 3.1

As before, we assume that there exist positive constants A, A such that
NP < a¥(z,t)6:&; < AJEf°,  VEER™, (x,t) € 0r. (3.2)
Definition 3.1. For f,c, f',d’,b° € L%*(f27) and g € L%[0,T; H' ()], up €

H(), we say that u € L2[0,T; H*(£2)] N L>[0,T; L?(£2)] (this space is also
known as Vo (£27)) is a weak solution of the Dirichlet problem

Lu=f+ Dif'inQr,

u=g onI'p =92 x [0,T], (3.3)
Uu = ug(x
‘t:O (@),
B. Hu, Blow-up Theories for Semilinear Parabolic Equations, Lecture Notes 19

in Mathematics 2018, DOI 10.1007/978-3-642-18460-4_3,
(© Springer-Verlag Berlin Heidelberg 2011
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if u satisfies

T
// { —uvy + (@ Diu+ d?u)Djv + (b*Diyu + cu)v}da:dt —/ uov} dx
0/%2 2 =0

T T
= // Sudxdt — // fiDsvdxdt, Yo € C*(27), v=0o0n I’ U {t=T1%,
0o 0Ja

u—g € L2[0,T; H(£2)]. a4

Definition 3.2. We define weak subsolution and weak supersolution by replacing
the equality above with “<” and “>” respectively, and further requiring the test
function v to be non-negative.

Theorem 3.1 (Weak maximum principle). Let the assumption (3.2) be in force,
and f, f € L2(27), ¢,bi,di € L®(27) and g € L2[0,T; H'(2)], uo € H (1),

and
T . —_—
/ / (chp + d'D;p)dxdt >0, Yo € C'(27),6 =00nIr, ¢ >0,
0J0
T . —_—
| [ o= ripyindt <o, voe C'(@r).6=0onTr, >0,
0J0
g<0 onlr, uy<0 onfl
Ifu € L2[0,T; HY(2)] N L*°[0,T; L*(£2)] is a subsolution, then
uw<0 in(2r.

This theorem can be derived directly from [94, p. 128, Theorem 6.25].

Remark 3.1. The existence of a weak solution requires higher regularity on the
coefficients.

3.2 Schauder Theory

The Schauder theory is also a powerful tool for the classical solution for parabolic
equations.

Let {2 be a bounded domain. Consider the linear second order elliptic equation
of non-divergence form:

Lu=u; —a“Djju+b'Diut+cu=f inr=02x[0,T]. (3.5)
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Assume that there exist A4 > A\ > 0 such that
NEP? < a¥(z,t)&&; < AP, V(o,t) € 2r,€ €R, (3.6)

a bl c e C*/2(Qr) (0 < a < 1) and

1 ij i
X{ Z |a”|ca.or2 @y + Z 0*| sz @apy + |C|Cav”/2(QT)} < Ao (37
i, i

Theorem 3.2 (Interior Schauder estimates). [94, p. 59, Theorem 4.9]. Suppose
that the coefficients in (3.5) satisfy the assumptions (3.6) and (3.7). Let u €
C/2(7) (0 < a < 1) be a solution of (3.5). Then for 2 CC 2 andn > 0, we
have

1
[ulcoratvarz@ xS C(x|f|ca,a/2(QT) + |u|C(QT))7 (3.8)

where C depends only on n,a, A/ X, Ay, dist{§2', 002}, T and .

Theorem 3.3 (Global Schauder estimates, Dirichlet). [94, p. 78, Theorem 4.28].

Let the assumptions (3.6), (3.7) be in force, and 92 € C** (0 < a < 1). Let u €

C?*rel+a/2 (1) be a solution of (3.5) satisfying the boundary conditionu| = g
I'r

for some g € C*T*142/2(01) and the initial condition u = ug(x) for some

ug € C*%(12). Furthermore, assume that u satisfies the second order compatibility
conditions:

uO(aj) = g(a:,O), UAES 697
g — aijDiju+biDiu+cu— f=0, €00, t=0.

Then

1
|u‘c2+o¢,1+o¢/2(ﬁT) < C X|f|ca,o¢/2(§T) + |g|Cz+a‘1+a/2(§T) + |UO|C2+a(§) y

(3.9)
where C depends only on n,a, A/, A, and Q.

Theorem 3.4 (Global Schauder estimates, Neumann). [94, p. 79, Theorem 4.31].
Let the assumptions (3.6), (3.7) be in force, and 92 € C** (0 < o < 1). Let
u € C*el+a/2(Qr) be a solution of (3.5) satisfying the boundary condition
g—z _ g for some g € C'FOFN/2(Qr) and the initial condition u — =
' - -
ug(z) for some ug € C*%(82). We further assume the first order compatibility

condition:
0

%uo(x) = g(z,0), z € 912,
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Then

1
|U|Cz+a,1+a/2(§T) <C X|f‘ca,a/2(§T) + |g|cl+a,(1+a)/z(§T) + |UO|C2+Q(Q) s

(3.10)
where C depends only on n,a, A\, A, and £2.

Remark 3.2. These estimates also extend to other oblique boundary conditions.

Remark 3.3. The combined boundary-interior estimates (without initial condition)
are also valid.

Now consider the Dirichlet problem

Ut —aijDiju—l—biDiu—&—cu =f in Q27, (3.11)
u=g on I'r, (3.12)
U 0 ug(z) forz € (2. (3.13)

t=

Theorem 3.5 (Existence and uniqueness, Dirichlet). [94, p. 94, Theorem 5.14].
Let 002 € C?T (0 < « < 1). Suppose that the coefficients in (3.11) satisfy (3.6)
and (3.7), f € C**/2(Qr), g € C?>T¥H/2(Qr), and uy € C*T*(0) satisfies
the second order compatibility conditions. Then the problem (3.11)—(3.13) admits
a unique solution u € C*+1+/2(Qr),

3.3 A Strong Maximum Principle

Theorem 3.6. [94, p. 10, Lemma 2.6]. Suppose that {2 satisfies the interior sphere
condition at © = x¢ € 052 and u € C?(r) N C(27) satisfies

Lu=u; — aijDiju +b0Du+cu<0 in O, (3.14)

where a¥ b, c € C(f27) satisfy the ellipticity condition (2.8) and ¢ > 0. If u #
const . and takes a non-negative maximum at (xq, to), then

lim inf w(xo + on,to) — u(xo, to)
o—0 g

>0 (3.15)

for any direction 1 such that n) - n > 0, where n is the exterior normal vector.
In the case ¢ = 0, the phrase “non-negative maximum” may be replaced by
“maximum.”

Remark 3.4. {27 may be replaced by a general set Q@ C R™ x [0, T] which satisfies
the interior ellipsoid condition (see [94]).
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Theorem 3.7 (Strong maximum principle). [94, p. 13, Theorem 2.9]. Suppose
that u € C?(Qr) satisfies

LuEut—a”Diju—&—biDiu—i—cug 0 inr, (3.16)

where a¥ | b, c € C(Q7) satisfy the ellipticity condition (3.6) and ¢ > 0. If u takes
a non-negative maximum at a parabolic interior point in {27, then u = const.

In the case ¢ = 0, the phrase “non-negative maximum” may be replaced by
“maximum.”

3.4 De Giorgi-Nash—Moser Estimates

Consider the following equation of divergence form:
uy — Dj(a" Diu) + b'Diu+ cu = f + D; f", (3.17)
where we assume that, for some ¢ > n + 2

NEP < a6 < AP, Y(z,t) € 2, E€R™, (3.18)
S 6 ager) + el parziony <A, cla,t) = —A. (3.19)

Theorem 3.8 (Interior estimates). ([20, p. 142, Theorem 4.3], or, stated in a more
general form with different integration weight in = and ¢, [83, p. 204, Theorem
10.1]). Let the assumptions (3.18), (3.19) be in force. f € L% (0r), f* € LI(02r)
Sfor some q > n + 2, where ¢, = (n+ 2)q/(n + 2 + q). If u is a weak solution of
(3.17), then there exist C > 0and 0 < v < 1 such that for 24 = 2’ x[n,T) C O2p,

|U|ow/2(§’T) < CO\lulgyy + 1flleor) + Z ||fi|Lq(_QT):|a (3.20)

where C and -y depend only on \, A, n, q, Q7 and 2.
Global estimates require the uniform exterior cone condition.

Theorem 3.9 (Global estimates, Dirichlet). ([20, p. 145, Theorem 6.2], or, with
different integration weight in  and ¢, [83, p. 204, Theorem 10.1]). Let the assump-
tions (3.18), (3.19) be in force and the exterior cone condition be satisfied uniformly
on 9. Let f € L% (027), f' € LI(Q27) for some q > n+ 2. If u is a weak solution

of (3.17) with u = g‘F for some g € C*/2(382) and u .= uo(z) for some
J— T t=

ug € C*(§2) satisfying the zeroth order compatibility condition, then there exist
C > 0and 0 < v < « such that
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Ul g2y < Cllglcaaran) + |tolgagm) + 1 llLe@n) + D, ||fi||Lq(QT)}

(3.21)
where C and 7y depend only on A\, A, n, q, o and 2.

Remark 3.5. The global estimate is also valid for conormal boundary conditions
[94, p. 139, Theorem 6.44].

3.5 LP Estimates

The W?2P estimate is based on the Calderén—Zygmund decomposition lemma and
the singular integral operator theory.

Similar to the elliptic equations, the continuity assumption on the leading order
coefficients cannot be dropped.

Consider the operator

Lu=u; —a“Djju+b'Diu+cu=f in Q. (3.22)

Assume that the coefficients in (3.22) satisfy

a6& > NP, V(x,t) € Qr, EER™, A>0, (3.23)
D e r) + D0 | (20) + llell L r) < 4, (3.24)
17 [

a? e CQr) (i,j=1,2,---,n). (3.25)

Theorem 3.10 (Interior estimates). [94, p. 172, Theorem 7.13], or [20, p. 111,
Theorem 3.2]. Let the assumptions (3.23)—(3.25) be in force. Suppose that u €
W2EP(0r) (1 < p < o0) satisfies (3.22) almost everywhere. Then for any 2, =

2 % (17, T] cC 2,

1
llullw2100) < C{XHfHLP(QT) + ||u||LP(!2T)}7

where C depends only on n,p, A/, (2%, Q1 and the modulus of continuity of a*.

Theorem 3.11 (Global estimates, Dirichlet). [94, p. 176, Theorem 7.17], or [20,
p. 113, Theorem 4.2]. Let the assumptions (3.23)—(3.25) be in force and assume
that 982 € C?. Suppose that u € WLP(2) (1 < p < o) satisfies (3.22) almost

everywhere and uw = ¢g| , where g can be extended to a function on {21 such
I'r

that g € W2LP(Qr). Assume further that u‘ = ug(z) where ug € WP (2)

satisfying the zeroth order compatibility condition. Then
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1
lullw210(07) < C{X(Hf”LP(QT) + Hg”W?JvP(QT)) + HUO”W?#’(Q)}»

where C depends only on n,p, A/\, Q27 and the modulus of continuity of a*.

3.6 Krylov-Safonov Estimates

Krylov and Safonov obtained the Holder estimate for equations in non-divergence

form in 1980, which also applies to parabolic equations. It is also based on the

parabolic version of the Alexandroff-Bakelman—Pucci maximum principle
Consider

Lu = ut — a Diju+bu+cu = f, (3.26)

where we assume that
M < (a¥) < AT in 027, (3.27)
lello(2r) + Z 16°] o< (27) < B (3.28)

Theorem 3.12 (Interior C* estimates). [94, p. 186, Corollary 7.26], or [20, p. 170,
Theorem 3.4]. Let the coefficients of L satisfy (3.27) and (3.28). Suppose that u €
W2 LN (Qr) satisfies Lu = f almost everywhere in 2 and f /X € L"2(02r).
Then there exist C > 0 and 0 < « < 1 such that, for any Qg,(y,7) C Q27 and
0 < R < Ry,

R «@
5 < Cl| — o R Al 71 s
oo u< (o) [ulusian) + Bal /Mo

where C' and o depend only on n and B.

Theorem 3.13 (Global C* estimates, Dirichlet). [94, p. 187, Corollary 7.30], or
[20, p. 171, Theorem 4.1]. In addition to the assumptions in the above theorem,
we assume OS2 satisfies a uniform exterior cone condition and that v is Holder
continuous on the lateral boundary and on the initial manifold and zeroth order
compatibility condition on 92 x {t = 0}, then the above estimates extend to (1.

The Holder estimates for the case of oblique boundary condition can be found in
[94, p. 192, Corollary 7.36].

3.7 Embedding Theorems

The parabolic version of the embedding theorems is very similar to the elliptic ver-
sion when the ¢ derivatives is considered “half the order” of x-derivatives. There are
also embedding theorems for different weights in x and ¢ directions. We only list
one here.
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In this theorem, we only need to remember that ¢-direction “takes two-
dimensions” when compared with the elliptic version.

Theorem 3.14. Let u € WLP(02r), 02 € C%. Then

(1) [83, p. 80, Lemma 3.3 with r = 0,s = 1,1 = 1in (3.15)], or [20, p. 29,

2
Theorem 2.3]. If 1 < p < n + 2, then for q = (?:_—’_T)p,
-D

[VaullLa(ar) < Cllullwz1p(op);

(2) [83, p. 80, Lemma 3.3 with r = 0,s = 0,1 = 1 in (3.15)], or [20, p. 29,
2
Theorem 2.3]. If 1 < p < (n+ 2)/2, then for ¢ = (j_;—)g,
—<p

[ullLar(2r) < Cllullwzar(or);

(3) [83, p. 80, Lemma 3.3 withr = 0,s = 0and s = 1,1 = 1in (3.16)], or [20,
2
p. 38, Theorem 3.4]. If p > n + 2, then foraa = 1 — nt ,
p

lullgrsaser@py < Cllullwa o,
where C depends on n, p, 2 and lower bounds of T'.
The next theorem deals with embeddings with different weights for ¢ and x.

Theorem 3.15. [94, p. 110, Theorem 6.9], or [20, p. 43, Theorem 4.1]. Let u €
L2([0, T); H (£2)) 0 L2([0, T); L*(R2)). Then u € L*™+2/™(Qr), and

/(n+2 n/(n+2
lull acsnmgry <€ sup_Jul, I IVaul 560,
o<t<T

where C' depends only n.

Since one x derivative is approximately “half ¢ derivative,” it may be necessary
in some situations to use fractional derivatives in the study of parabolic equations.
The fractional o (0 < « < 1) derivative in ¢ direction as follows: A function u is
said to have its fractional « derivative in ¢ in LP space if and only if the following

_ 1/
/ // |u(z, t) — u(z, T)\)P dtdr daz} P
It—TIO‘ |t =7l

is finite. If one allows fractional derivatives, then the embedding theorems can also
be extended to these spaces.
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3.8 Exercises

3.1. Let {2 be a bounded domain and the assumptions of Theorem 3.3 be in force.
Furthermore, assume that the coefficients a'/, b?, ¢, the right-hand side f, and the
boundary data g are all independent of . Assume further that ¢ > c¢g > 0. Prove that,
forany 0 < 3 < a, the solution to the parabolic equation converges in C2+7($2) to
the solution of the corresponding elliptic problem as t — oc.

3.2. Now we replace the assumption ¢ > ¢y > 0 by
/ lug (2, t)|?dedt < oc.
0

Prove that the corresponding elliptic problem admits a solution in C?*({2) and that
a subsequence u(-, ;) converges to this elliptic solution as t; — oo in C?T5((2),
for any 0 < 8 < «. This limit solution is called the w-limit.

3.3.If in the above problem the solution to the elliptic problem is unique, prove that
u(+, t) converges in C**7(£2) to this elliptic solution as t — oo, forany 0 < 3 < a.

3.4. Let {2 be a bounded domain and the assumptions of Theorem 3.3 be in force
(except the assumptions on the initial value). Furthermore, assume that the coef-
ficients a'/, b?, c, the right-hand side f, and the boundary data g are all period
functions in ¢ with period T'. Assume further that ¢ > ¢o > 0. Prove that there
exists a unique periodic solution u € C?+®1+2/2() x (—00, 00)) to the parabolic
equation with period 7T'.






Chapter 4
A Review of Fixed Point Theorems

We collect in this chapter several fixed point theorems, which are useful for proving
existence of solutions to nonlinear equations and systems.

4.1 Fixed Point Theorems

Theorem 4.1 (Contraction mapping principle). ([67, p. 74, Theorem 5.1], see
also the note after the Theorem for replacing the whole space by a closed subset).
Let X be a Banach space and let K be a closed convex set in X. If M is a mapping
defined on K such that

Mz e K VzeK, A.1)
‘ Mz — Myl||
sup @——

<1, 4.2)
z,yeK, x#y ||.T—y||

then M has a unique fixed point in K.

Contraction mapping principle is powerful for solving evolution problems. See
Exercise 4.1.

Theorem 4.2 (Schauder fixed point theorem). [67, p. 280, Corollary 11.2]. Let
X be a Banach space and let K be a bounded closed convex set in X. If M is a
mapping on K such that

Mz c K VzeK, (4.3)
M is continuous, 4.4)
MK is compact. 4.5)

Then M has at least one fixed point in K.

B. Hu, Blow-up Theories for Semilinear Parabolic Equations, Lecture Notes 29
in Mathematics 2018, DOI 10.1007/978-3-642-18460-4_4,
(© Springer-Verlag Berlin Heidelberg 2011
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Theorem 4.3 (Leray—Schauder fixed point theorem). [67, p. 280, Theorem 11.3].
Let X be a Banach space and M a mapping on X such that

M : X — X is continuous, (4.6)
M is compact, i.e., for any bounded set B, M B is a compact set, (4.7)
the set {z | x = AMx for some X\ € [0,1] } is bounded in X . (4.8)

Then M has at least one fixed point in X.

4.2 Exercises

If contraction mapping principle is used, then existence and uniqueness are obtained
at the same time. For evolution equations, it is often possible to use this argument
because for small time, the solution is expected to be close to the initial value. Once
this done, the solution can usually be extended further until it can no longer be
extended, or up to blow-up time.

4.1. Consider the systems

up — Au = f(u,xz) in 2 x (0,7),
u=0 on 92 x (0,7),
u(z,0) = up(x)  in L2,

and

uy — Au = f(u,z) in 2 x (0,7),
% =g(u,z) ondf2x(0,T),

u(z,0) = up(z)  in 2.

Assume that f is Lipschitz continuous on R x 2, g is Lipschitz continuous on
R x 042, and ug € C(£2), where {2 is a bounded set with 92 € C?***, Assume
that the zeroth order compatibility condition is satisfied for the first system and the
first order compatibility condition is satisfied for the second system. Prove that

1. Each of these systems admits a unique classical solution, locally in time (i.e., for
a small time interval).

2. Suppose that the solution exists for 0 < ¢ < .S, and |U|L00(_Q><(07S)) < 00. Prove
that u € C?t1+2/2(Q x [, S]) for any 1 > 0.

3. Establish a comparison principle for each of these systems: If u; and uo are
classical sub- and super-solutions, respectively, and u; < wug on the parabolic
boundary, prove that u; < ug in £2 x [0, T].
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4.2. Consider the system

uy — Au = / by, t)u(y,t)dy in 2 x (0,T),
o)
u=20 on 92 x (0,7),
u(z,0) = ug(x) in 2,
where sup, ¢, [b(z, )|a.r < 00, ug € C¥(£2), 02 € C*+,

1. Establish the existence and uniqueness for a classical solution globally in time
(i.e., for the time interval [0, 00)).

2. If b(z,t) > 0, prove a comparison principle for this system, i.e., if uy,us €
C(27) N C?(2r) satisfy

(ul)t - Aul 2 b(y7 t)ul(ya t)dy in {2 X (07 T)7
2

(us)s — Aus < / by, tus(y, )dy in 2 x (0,T),
0

Ug on 92 x (0,T),
ua(z,0) in {2,

then w1 > us in Q7.
3. Give an example showing that in general the comparison principle is not valid if
the assumption “b > 0” is dropped.






Chapter 5
Finite Time Blow-Up for Evolution Equations

As indicated in the preface, we will emphasize the method and techniques for
studying blow-up problems. While many of these methods apply to more gen-
eral equations, we shall use the simplest model in our lectures to avoid lengthy
computations.

The equation

up — Au = f(u) in 20 =02 x(0,T), (5.1)
u=20 on 92 x (0,7), (5.2)
u(z,0) = ug(x) forx € 2 (5.3)

can be used to model solid fuel ignition (see [15] for details). The function f(u) is
typically a nonlinear function such as u? (p > 1), exp(u), etc. If the source term is
on the boundary, we then have the following system:

u — Au =0 inQr =02 x(0,T), 5.4)
% — f(u) ondRx (0,T), (5.5)
u(z,0) = ug(xz) forz € £, (5.6)

where n is the unit exterior normal vector.

The first question is the existence and uniqueness for either (5.1)—(5.3) or
(5.4)—(5.6). For the corresponding linear problem, the existence and uniqueness
is stated in Theorem 3.5 for the Dirichlet problem. The Neumann problem can be
studied in a similar manner. For the nonlinear problem, the questions about exis-
tence (locally in time) and uniqueness have been answered in a similar manner (see
Exercise 4.1).

One can, of course, study the problem of combined heat source in the interior
and on the boundary, the problem of systems of more than one equation, etc. Many
results have been obtained in recent decades on these types of problems.

In this chapter, we want study whether a solution exists globally in time, or there
is a finite time blow-up. If the blow-up occurs, we want to find out the blow-up rate
and the asymptotic behavior near the blow-up point.

B. Hu, Blow-up Theories for Semilinear Parabolic Equations, Lecture Notes 33
in Mathematics 2018, DOI 10.1007/978-3-642-18460-4_5,
(© Springer-Verlag Berlin Heidelberg 2011
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Definition 5.1 (L°° blow-up). We say that a solution u blows up (or thermal run-
away) at t = T, if there exists (z,tn), tn /" T, such that |u(z,,t,)] — +oo.
In this case, we say that the solution blows up in finite time if 7" is finite; if there
exists a sequence {y, } and ¢, T such that y,, — = and |u(yp, t,)| — +00, then
we say that x is a blow-up point. The collection of all blow up points is called the
blow-up set.

For the finite time blow-up, Osgood [113] gave a criterion, namely the right-hand
side nonlinear term must satisfy

< ds
— < 00.

()

The earliest blow-up results on parabolic equations are due to Kaplan [80] and
Fujita [46]. Some early papers appeared in the 1970s: Tsutsumi [131], Hayakawa
[70], Levine [85], Levine—Payne [90,91], Walter [133], Ball [7], Kobayashi—Siaro—
Tanaka [82], Aronson—Weinberger [6]. We begin by presenting some of their results.

5.1 Finite Time Blow-Up: Kaplan’s First Eigenvalue Method

If we drop the diffusion term in (5.1), the positive solution of the ordinary differ-
ential equation (ODE) u; = f(u) will blow-up in finite time for any positive initial
data, provided f is defined for all u € R, and satisfies

fu) >0 foru> 0, LN (5.7)
M (U)

for some M > 0. So a natural question is whether the diffusion is strong enough to
diffuse the energy to prevent a finite time blow-up.

Remark 5.1 (necessary condition). (5.7) is a necessary condition for blow-up to
oo

d
occur. In fact, if - 00, one can then obtain global existence of (5.1)—

m f(u)
(5.3) by comparing its solution with an ODE solution.

Here we shall introduce the first eigenvalue method introduced in 1963 by Kaplan
[80]. As we shall see from the proof, it is a very simple method and yet applies to a
large class of equations.

Theorem 5.1. Let 2 be a bounded domain with 982 € C*. Assume that f is convex

(ie., f" > 0), and (5.7) is satisfied. Let u € C(27) N C%(2r) be a solution of

(5.1)—(5.3). If | wo(x)dx is sufficiently large, then the solution u must blow-up in
Q

finite time.
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Proof. Consider the eigenvalue problem

—Ap =X inf2, (5.8)

¢=0 ondf?2, (5.9)

/ o(z)da =1, (5.10)
o)

where )\ is the first eigenvalue, given by
M= inf{[|Vulp20pue K}, K ={ueHy(R2); |ulre =1}

The system (5.8)—(5.10) has a solution ¢ € Hg (£2) such that ¢(x) > 0 in §2 (see
Exercise 5.1). Let

G(t):/gu(x,t)gzﬁ(x)dx.

It is clear that G(t) is well defined on the existence interval of the solution u. Using
(5.1) and (5.2), we find that

G'(t):/gut(x,t)qﬁ(z)dz
:/ w(z, ) Ad(x da:+/f (2, 1)) () dz 5.11)

NGO + [ Fule)o()is

| fu o> 1 [ wwnowis) = rc).

By Jensen’s inequality,

Substituting this into (5.11), we obtain
G'(t) > ~MG() + F(G(1)). (5.12)

If u remains finite for all ¢, then G(¢) is defined for all ¢. However, from the ODE
theory, G(t) will blow-up in finite time under the given assumptions, provided G(0)
is large enough. O

The assumption that the initial datum is “large” cannot be dropped. The solution
can exist globally in time if this assumption is dropped. We use f(u) = uP to
illustrate this in the following theorem.

We take ¢ to be the solution of (5.8)—(5.10) and take ¥ (x) =né(z). If 0 < n <K 1,
then — Ay — P = (A1 ¢ — nP~L¢P) > 0. It follows that 9 is a supersolution and
u(z,t) < ¢(x) for all ¢ if initially 0 < ug(z) < ¥ (x). We proved

Theorem 5.2 (Global existence). In the case f(u) = uP, if 0 < uo(z) < ¥(x),
then the solution exists globally in time.
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5.2 Finite Time Blow-Up: Concavity Method

In this section we introduce another method to establish finite time blow-up. This
method, introduce by Levine—Payne in the papers [90,91] and Levine [85] in 1970s,
uses the concavity of an auxiliary function.

For simplicity, we shall only consider (5.1)—(5.3) with

flu)=lufP"ru (p>1). (5.13)

This concavity method is actually powerful enough to be applied to many other
types of second parabolic equations as well as other types of evolution equations. It
makes no use of maximum principles and the following theorem is only a special
case discussed in [85].

Theorem 5.3 (Levine). Let (2 be a smooth domain. If f is given by (5.13) and
uo(z) satisfies

1

1
v 2d +—/ PHLgr >0, 5.14
> Q\ uo(z)|"dx P Q\uo(ﬂc)l x (5.14)

then the solution of (5.1)—(5.3) must blow-up in finite time.

Proof. Multiplying the equation by u and w, respectively, and then integrating over
{2, we obtain

d 2 2. _ p+1

dt( / dm /|Vu| dx = /|u\ dx, (5.15)
/ fdr = —— / |Vul dm) i / |u\p+1dx) (5.16)
Q dt p+ p+1

1 1
J(t)=-= *dr + —— Py,
) 2/Q|Vu| x+p+1/9|u\ »

Then (5.16) gives
J'(t) :/ uldz >0, (5.17)
2

Let

which implies that

t
J(t) = J(0) + / / uldadt. (5.18)
0o J
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t
:/ /u2dxdt+A,
0 J

where A > 0 is to be determined. Then

Introduce a new function

and

I'(t) = %/ u?dr = —2/ |Vu|2d:r+2/ lulP du, (5.19)
2 2 2

where we used (5.15) in deriving the second equality.
By comparing the terms in J(t) and (5.19) we have, for§ = Z(p — 1) > 0,

I"(t) > 4(1+0)J(t) = 4(1 + 6 / / ufdxdt (5.20)

where the last equality is from (5.18). Clearly

t
I’(t)z/ uzdx:Z/ / uutdxdt—k/ uddz. (5.21)
o) 0o Jo o)

It follows that, for any € > 0,

I'(t) <41+s// 2d:cdt//udxdt+ 1+1){/ugdxr. (5.22)
€ 2

Combining the above estimates, we find that for o > 0,
I"OI(t) — 1+ e)I'(t)

>4(1+5 // dmdtH/@t/Qu?ddeA]

~(1+a) 4(1+5)/0 /Qu2d:ndt/0t/gut2dxdt}
7(1+a)(1+§) [/ngdxr.

Now we choose € and « small enough such that

146> 1 +a)(1l+e). (5.23)
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By our assumption, J(0) > 0. Thus we can choose A to be large enough so that
I"(O)I(t) — (1 +a)I'(t)* > 0. (5.24)

The inequality (5.24) implies that

d s I'(t)
E(Iaﬂ(t)) >0,
so that
I'(t) I'(0)

> for t > 0.
]oc-‘rl(t) Ia-',—l(o) ort >

¢
It follows that I(t) = / / u?dxdt + A cannot remain finite for all . O
0 Jo

Remark 5.2. The domain {2 is can be either bounded or unbounded.

Remark 5.3. The condition (5.14) is explicit on the initial datum. Such ug always
exists. One can pick any non-trivial function ¢ € H'(£2) N LPT1((2) and let
wo(2) = Ab(), A > 1.

Remark 5.4. Note that if the solution of (5.1)—(5.3) (with f(u) = |u[P~1u) is
global, then we must have

1 1
—5/ |Vu(z, t)|*de + m/ lu(z,t)|PTdez <0 forallt >0,
2 o)

this estimate is useful in establish a global bound for global solutions.

5.3 Finite Time Blow-Up: A Comparison Method

If the system under consideration has a comparison principle, then the solution must
blow up if a subsolution blows up in finite time. There are no general rules, however,
on how to construct comparison functions. Here we give one example.

Theorem 5.4. Consider the system (5.4) and (5.6) in a bounded smooth domain
with f(u) = uP (p > 1) and uo(x) = 0. In this case all nontrivial solutions blow
up in finite time.

Proof. The result can be established by several methods (c.f. [33]). The proof here is
very simple and is taken from [75]. By the maximum principle (Theorems 3.6 and
3.7), inf e u(xz,e) > 0 (for small € > 0). Replacing ¢t = 0 by ¢t = ¢ if necessary,
we may assume without loss of generality that inf,c uo(z) = ¢ > 0. Take ¢(z, 1)
(the existence is guaranteed by Exercise 4.1(1)) such that
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¢ —Ap=0 forxe 2, t>0,

a—¢:¢p forx € 002, t >0
on

¢(z,0) =c forzx € £2.
By comparison principle (Exercise 4.1(3)),
u(z,t) > p(x,t) forxz e 2, t>0

as long as both solutions exist. Thus the problem reduces to proving ¢(zx, t) blows
up in finite time.

By the maximum principle, ¢(x,t) > ¢ for all ¢ > 0. Thus for any > 0, the
function ¥ (z,t) = ¢(x,t + n) — ¢(x, t) satisfies:

Y — AP =0 forxe 2, ¢t>0,
g_:f =p& Nz, t)p  forz €002, t >0, (5.25)

(x,0) = p(xz,m) —c =20 forz € £,
where {(z,t) is a number between ¢(z, t) and ¢(z, t+n). One can now easily derive
that ¢(z,¢) > 0, which implies that ¢;(z,t) > 0 for x € 2,t > 0. In particular,

applying the maximum principle (Theorems 3.6 and 3.7) to u;, we obtain

inf2 ¢i(z,€) > 0 for small & > 0.
zE

Let w(x,t) = ¢¢(x,t) — 6¢P(x,t). Then a direct calculation shows that

aa_lfwaZO forxz e 2, t > ¢,
0

gw =pdPlw forx € 0N, t > e,
on

and w(x,e) > 0if J is small enough. It follows that w(zx,t) > 0 for ¢ > €, which
implies that ¢y > 0¢® for t > e. Thus ¢(x,t) blows up in finite time, and u(x, t)
must also blow up at a (perhaps different) finite time. a

5.4 Fujita Types of Results on Unbounded Domains

One of the earliest results is Fujita’s critical exponent (Fujita [46]) on the simple
system

u — Au=uP, zeR" >0, (p>1) (5.26)
u(z,0) =up(z) =0, =xeR™ (5.27)
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We can compare the solution with a blow-up solution of (5.1)—(5.3) (with
f(u) = uP), so that the solution of (5.26) and (5.27) always blows up in finite
time if the initial datum wg(x) is large enough in a certain sense. The question is
whether or not there are global solutions for all time.

If w is small, then uP is very small if p is large. As Fujita observed, if p is
large and ug is small, then there exist global solutions. On the other hand, if p
is close to 1, then all positive solutions blow-up in finite time. In the case of
the nonlinearity given by u” on the whole space, the cutoff value, or the critical
exponent, is 1 + % Actually Fujita’s result does not include the critical expo-
nent itself. The critical exponent itself actually belongs to the blow-up case (see
Hayakawa [70], Kobayashi—Kobayashi—Siaro—Tanaka [82], Aronson—Weinberger
[6], Weissler [134]).

The proof given here uses the representation of the solution in an integral equa-
tion in terms of its fundamental solution. This approach does not need a separate
proof to include the critical exponent itself in the blow-up case.

The solution of (5.26) and (5.27) has an integral representation [30, p. 51, (17)]:

t
w(at) = / (x—y, t)u(y)dy + / / P(@—y,t— ) (y, 7)dydr, (5.28)
n O n
where

_ 1 ||
Pla,t) = ryere &P ( - E)

satisfies

(% — A)P(2,t) =0 for (x,1) # (0,0),

Theorem 5.5. (i) Ifp > 1+ 2, then the solution of (5.26) and (5.27) is global in
time, provided the initial datum satisfies, for some small € > 0,

uo(x) <el(x,1) forx e R™.

(ii) Ifp < 1+ 2, then all nontrivial solutions of (5.26) and (5.27) blow-up in finite
time.

Proof. To prove (i), we construct a global supersolution. Since p > 1 + % we can
take 17 > 0 to be small enough such that

2 9
p>1+—+—=(p—1)n,
n n

or equivalently,

1+n <(n>
2 n p2 nj-
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Let ¢(x,t) = M"(x,t), then for A > 0 to be small enough, we have

(% - A)z/; — P = At (e, ) — NPEP TP (2, 1)

2
_ M (tn/2n) exp ( _ ﬂ)

 (4m)n/2 4t
Ny plzf®
__ N -p(n/2-n) (_ _)
(4m)e/? PN g

>0 fort>1.

It follows that u(z, t) < ¢¥(x,t + 1) forall ¢ > 0 if up(z) < ¢¥(z,1).

To prove (ii), we use the integral representation (5.28). We assume that the solu-
tion remains finite for all finite ¢ and want to derive a contradiction. We write
u(z,t) = up (z,t) + uz(x, t), where

i / I'(x — y,t)uo(y)dy,
R’IL
t
Uy = / I'(x—y,t —17)uP(y, 7)dydr.
() n

Replacing ¢ = 0 by ¢ = € > 0 if necessary, we may assume without loss of
generality that ug(y) > c¢o > 0 for |y| < 1 (by applying Theorem 3.7).
A direct computation shows that

co jz* + [y/?
t) > ———— ——d
’LL]_(Z‘, ) (27I't)n/2 AI(O) exp( 2t ) Y
Co |95|2 / |§\2
= - — — = d 5.29
(2m)n/2 eXp( zt) |§|<1N{eXp( 2 ) ¢ 62
¢ ||
> - _
Z (271'15)”/2 eXp( o ) fort > 1

for some ¢; > 0.

Since / I'(x —y,t — 7)dy = 1 for any  and ¢ > 7, we can apply Jensen’s
R’n
inequality to obtain

ug(z,t) = /Ot (/ I'z —y,t— T)u(y,T)dy>pdT.

Let
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Then, fort > 1,

G(t) = /n up(x, t)(x, t)de + /n ug(x, t)(x,t)dx
> ;52 —i—/t [/n F(x,t)(/n I’(x—y7t—T)u(y,T)dy)pda:}dT

o /t [/ r(m)(/w M@ —yt— T)u(y,T)dy)dxrdT

(by Jensen’s inequality)

_ t% n /Ot { / [/ Iz, ) (z -yt — T)dx}u(y, T)dy}pdT.

(5.30)

\V

It is clear that

/n I'z,t)[(x —y,t — 7)dx

B 1 2 |-yl
()2 lAn(t — 7)) /R oxp (= 7 - 4t — T))dx

_ (4m7)"/2 >  |z* Jz—y?
= W) 2 (¢ = )7 /R xp (_T VT ) v

Since

7 et

4T @ At —T)
w2 lr—yP 4P+ 2z —yllyl |z -y

> —
~ Ar 4t 4t —71)
1 [z —y]* |z —y?
= — 9 — 2) _ _
T~ 2=+ ) - -
>_T\£—y|2_\r—y\2_lx—yl2
- dt(t—T1) 4t —T1) 4t
2
Z—M for0 <7 <t,
4t —71)

we derive

Iy |z|? \x—y\2> / 3|z —y|? n/2
k-4 N bl B dx > (_ —)d = ca(t—T7)"
/n exp ( LT ‘ (t ) X . exp (t ) X Cg( )

for 0 < 7 < t (c3 > 0). Substituting this estimate into (5.30), we obtain, for some
co>0,c3 >0,

7_71/2 p
P
G(t) > t"/2 —1—03/0 (t"/2) GP(t)dr fort > 1.
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We can rewrite this inequality as
t
t"P2G() > ept™P=D/2 4 03/ TP2GP(T)dr  fort > 1. (5.31)
0

Denote the right-hand side of the above inequality by ¢(¢), then for ¢ > 1,

g(t) > et P12, (5.32)
1 P
g'(t) = est™2GP (1) > est™/ 2(W,/Qg(t)) = cat TP 2gR (1), (5.33)

which implies

1-p T
L2 -2 5 Lgl—P(t) > 03/ 7= P=UnP/ 200 for T >t > 1.
p—1 p—1 t
(5. 34)

The right-hand side of the above inequality is unbounded as 7' — oo if p 1 + =
which gives a contradiction in this case. In the case 1 + n—p <p<l+ ; we have
n(p—1)2 (p—1)n
T > Sl
taking ¢t > 1.

Finally, in the case p = 1 + 2, we derive from (5.29), for t > 1,

, SO we get a contradiction by letting 7' — oo and then

o1 plz|?
P >t >——1 — . .
uP(z,t) > uf(x,t) > e exp( 5 ) (5.35)

Substituting this estimate into the expression for u2, we obtain, for ¢t > 2,

u(z,t) = ua(x,t)

o plyl®
/ / . =) Gryrs P (=55 )duir

WV

|x|2 t/2 tn/2
275”/2e p<—7>/1 Ti+n/2(t — 7)n/2
2 2 2 2
L
n -7 T
4 |1‘|2 t/2 tn/2 (5.36)
Z iz &P ( B T) TIEn2(f — 1)n/2
22 2Pty plyl
X{/nexp (5 - S v r
cs || 2 qr
> N ad il
~ /2 P ( t ) /1 T
¢

) log(t/2).

I
~

3
~ |t
[ V)

o
»
o]
/—\
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(Please note the extra log(¢/2) function in the above inequality!) Hence, for ¢ > 2,

Ll

C6
t

G(t) > /n F(m,t)ts% exp ( ) log(t/2)dx > e log t. (5.37)

Using this estimate, we now derive from (5.31) (recall thatp = 1 + %), fort > 2,

1 1 '
EPRG(E) = PG + SPG() > ertlogt + %3 / T2 GP (7)dr.
0

(5.38)
Denoting the right-hand side of the above inequality by ¢(t) and following the same
arguments as in (5.32)—(5.34), we derive a contradiction. g

Remark 5.5. There are numerous works regarding blow-up phenomena. There are
numerous works regarding the critical exponents for various types of domains, var-
ious equations, coupled system of equations, the equations with heat source on the
boundaries, and the coupled systems of equations with boundary heat sources.

Meijer [104] considered the case where the nonlinearity is given by u” for
a parabolic equation with variable coefficients in divergence form. The Fujita’s
critical exponents for a general domain is established. The exponent was found
explicitly for other types of domains by Meijer [103], Levine—Meijer [§9], Bundle—
Levine [11, 12], and a formula was found for products of domains by Ohta—Kaneko
[112]. Interesting results on oscillating solutions were also obtained in Mizoguchi—
Yanagida [107, 108]. The Fujita’s critical exponents are also studied on a manifold
by Zhang [142-144].

There are also many works that deal with the situation when u” is replaced by
other nonlinearities such as a(z)u?, or t*|z|7uP (cf. Hamada [69], Levine-Meijer
[88,89], Pinsky [116, 117], etc).

There is also a flurry of works on equations with nonlinear principle parts such as
ur— Aul T and uy — V(| Vu|? Vu™) (see, for example, the papers Galaktionov [47,
49], Galaktionov—Levine [53], Mochizuki—Mukai [110], Mochizuki—Suzuki [111],
Souplet—Weissler [127], Qi [119, 120], Suzuki [129, 130]).

The blow-up phenomenon and the Fujita’s critical exponents types of results
were also studied for equations with boundary source terms. In the one-space-
dimensional case, Galaktionov—Levine [52] established such results for several
types of systems. For the half-space and principle part u; — Au, Deng-Fila-Levine
[27] established the n-space-dimensional case (see Theorem 5.6). Hu—Yin [76, 77]
extended this case to convex (unbounded) domains in R™, and to sectorial domains
with mixed Dirichlet and nonlinear Neumann heat flux. Amann-Fila [5] studied
critical exponents in the case of Laplacian with dynamical boundary conditions. The
effect of convection is studied in [3]. For more details, see the surveys [28, 34, 86]
and the references therein.
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Remark 5.6. Some of the techniques discussed here can also be applied to systems
of equations such as

us — Au = f(u,v) in 2 x (0,7), (5.39)
vy — Av = g(u,v) in 2 x (0,7T), '
with appropriate boundary and initial conditions. The coupling can also appear on
the boundary:
u—Au=0 inf2 x (0,7),
vw—Av=0 in2x(0,T),
ou

- _ i 5.40
o flu,v) IndR2x(0,T), (5.40)
ou .

= g(u,v) ind2 x (0,T).

One can also consider the combined interior and boundary source terms, or a more
general principle part such as u; — Au*? or uy — V(|Vu|? Vu™). One can study
the Fujita’s critical exponents, blow-up rate (to be discussed in Chap. 7), and general
properties of these systems. For Fujita’s critical exponents type of results, we refer
the readers to the papers [31,32,36,37,78,87,99, 109, 121, 124, 132, 147] and the
references therein.

5.5 Exercises

5.1. Prove that (5.8)—(5.10) has a positive solution v € H'({2). Show that this
solution is C* in the interior, and C**5 (k > 2) on the boundary, if 92 € C*+5.

5.2. Give appropriate assumptions on 942 and f(u) and prove a finite time blow-up
result for the system (5.4)—(5.6) using concavity method.

5.3. (See Kalantarov—Ladyzhenskaya [81]) Suppose that
I"I(t) — (14 ) (t)? > —2C 1) (t) — CoI?(t), t>0
for some C, Cy > 0. Suppose that

_ _ 2
100) >0, I'(0)+ ELBYAS, s aczl(()) > 0.

(0%

Prove that 7(¢) must blow up in finite time.
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5.4. For the equation on the half-space with a nonlinear heat source:

u—Au=0, xzeR}, t>0, (p>1) (5.41)
ou n
So=u’ >0, @c Ry, (5.42)
u(x,0) = up(z) > 0, (5.43)
where R = {(x1,72,...,2,),21 > 0}, prove the following theorem using the

method introduced in Sect. 5.4.

Theorem 5.6 (see Deng—Fila—-Levine [27]). (i) If p > 1 + %, then the solution
of (5.41)—(5.43) is global in time, if the initial datum satisfies, for some small
e >0,
up(x) <el'(x,1) forx € RY.

(ii) If p < 14 L, then all nontrivial solutions of (5.41)~(5.43) blow-up in finite
time.



Chapter 6
Steady-State Solutions

When the solutions of (5.1)—(5.3), or (5.4)—(5.6) are independent of ¢, they are
called steady-state solutions, or stationary solutions. These solutions are the possible
limits as ¢ — oo of the corresponding time-dependent solutions if the time-
dependent solution is global. There is no panacea for their study. However, many
methods were developed to study these types of systems.

6.1 Existence: Upper and Lower Solution Methods

Consider the Dirichlet problem:

— Au = f(x,u) in £, (6.1)
uw=g ondf. (6.2)

Definition 6.1. A function u € C(2) N C?(£2) is said to be a lower (upper)
solution if

Theorem 6.1. Let {2 be a bounded domain with 9f2 € C?*e. Assume that f €
CH(2xR), f,, € L>(2 xR) and g € C(82). If the system has an upper solution
u and a lower solution u such that u(x) < u(x) on 2, then (6.1) and (6.2) has a

solution v € C(2) N C?(2) such that u(r) < u(x) < u(x) on 12.

Proof. Let ug(x) = u(z) and up(z) = u(z). Define ¢ = sup f,, (z,u). Then the
QxR
function F'(z,u) = cu + f(x,u) satisfies

F.(z,u) > 0.

B. Hu, Blow-up Theories for Semilinear Parabolic Equations, Lecture Notes 47
in Mathematics 2018, DOI 10.1007/978-3-642-18460-4_6,
(© Springer-Verlag Berlin Heidelberg 2011
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For n > 1 we define u,, () (the existence and uniqueness is given by Remark 2.3)
to be the solution of

—Au,, + cu,, = F(x,u,_,(z)) in 2,
u, =g ondf2

and u, (z) to be the solution of

—Au, + cu, = F(x,up—1(x)) in £2,
Uy, =g ondf2.

From the linear theory (using a barrier function on the boundary and the Schauder
theory in the interior, see Remark 2.3), u,,, @, € C(£2) N C?(£2). We want to prove
by induction that (1) w,,_; < u,, (2) U,, < Un, 3) Up < Up—1.

For n = 1, we use the deﬁmtlon of uq and u, to derive

—Aug —uy) + ey —wy) < Fz,u(w) = Fz,u0(x)) =0 in £,
Uy —u; <0 ondf2.
It follows from the comparison principle (Theorem 2.1) that u, — u; < 0. We now
inductively assume u,,_; < u,, (n > 1), then by monotonicity F( T, U, 1()) <

F(z,u,(z)). Therefore

“n

— Ay, = tpiy) + Uy = Upy) = F(2, 0, 4 (2) = Fz,u,(2)) <O in 2,
U, — U, 1 =0 ondfl

Thus by comparison, u,, — u,,; < 0 on Q. This proves (1). The proof of (3) is
similar.

When n = 0, the inequality (2) is one of our assumptions. Assume inductively
that @,,—1(z) > u,,_, (), then

AU = u,) + c(Un —u,) = F(@,Un-1(2)) = F(z, 2, ,(2)) 20 in £,
Uy —u, =0 ondf2

Thus u,, —u,, = 0on 0.
We obtalned a sequence of continuous functions %y, u,, satisfying

wu,_1(z) <u, () <Up(x) <Up-1(z) onl2

By the monotone convergence theorem, both of the limits

Uso(T) = lim w,, (), (6.3)
u™®(z) = lim w,(z) (6.4)

n—oo
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exist. We next show that u,, € C(£2) N C?(£2) and satisfies the equation. By
Theorem 2.11, for some o € (0, 1),

|ﬂn o, < C.

It follows from the Schauder estimates (Theorem 3.2) that, for any 2/ CC (2,

|Qn|2,a,ﬁ” g C,

where the constant C is independent of n. Since C2(2") < C2(22") is compact

(Ascoli-Arzela theorem), a subsequence must converge in C? (ﬁu) and this limit
must be U, by (6.3).

We claim that the convergence u,, — oo in C? (ﬁ”) is valid for the whole
sequence, not just for a subsequence. In fact, if this were not true, then there would
exist {n; } such that

llwn, — UooHCz(ﬁ’) >€ >0 forj>1.

The above argument shows that a further subsequence {unjk} must converge in

Cc? (ﬁn) and the limit must again be u, by (6.3). This is a contradiction.
We have proved that derivatives up to second order converge on any compact
subset of 2. Therefore u., € C?({2), and

— AU + Cloo = lim (—Au, + cu,,) = lim F(z,u,_ 1) = F(x,uc(x)) in £2.

n—oo n—oo

Since u; () < uoo(x) < ur(x), it is also clear that
oo () = 9()] < max ([7(2) = g(a)]; Iy — 9(@)]).
The continuity of %; () and w, () on £2 implies that u., € C(£2) and
Uoo =g o0naf.

We can similarly prove that ©>° is also a solution. For our method of construction
we know that u < Ueo < u® <u. O

Remark 6.1. The procedure used in the proof of this theorem, i.e., using that the
compactness plus the uniqueness of the limit implies the convergence of the full
sequence (not just a subsequence), is a very useful technique.

Remark 6.2. In general, it is not clear whether u, coincides with ©>°.

Remark 6.3. The upper-lower solution method applies to equations with a compar-
ison principle. It is applicable, for instance, to parabolic equations.
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Remark 6.4. The upper-lower solution method applies to systems of two equations
with certain structures and carefully defined upper and lower solutions.

In many of our examples f(x,u) and g(x) are nonnegative, so that 0 is a lower
solution. In this case the system admits a solution if one can find a upper solution.
However, not all systems have upper solutions.

Example 6.1. Consider the Gelfand problem on a bounded smooth domain {2:

— Au = Aexpu in {2, (6.5)
uw=0 ondf2. (6.6)

Theorem 6.2. Let \ > A1, where \1 is the first eigenvalue of — A, i.e.,

—Ap=Mop, ¢>0 inf2,
p=0 ondf2,

/Q o(z)dx = 1.

Then (6.5) and (6.6) has no solutions.

Proof. We assume that a solution u exists. Then u is positive in {2 by the maximum
principle (Theorem 2.10), and

0= / (uA¢p — pAu)dx = / (=M ud + pAexpu)dx
o) o)
> /Q{—)\luqb—kd))\(u—kl)}.

The right-hand side of the above inequality is positive, since A > Aj, which is a
contradiction. [

In this case it is natural to expect that the corresponding parabolic problem cannot
have a global solution. We leave it as an exercise.

Remark 6.5. The solution of (6.5) and (6.6) exists if A > 0 is small. Its proof is left
as an exercise.

Remark 6.6. The system (6.5) and (6.6) may indeed have more than one positive
solutions. Take the special case that n = 1, u(—z) = wu(z), 2 = (—1,1). The
system (6.5) and (6.6) is reduced to an ODE:

' 4+ dexpu=0, 0<z<l1,
uw'(0) =0, wu(l)=0.
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Multiplying the equation with v’ and integrating over [0, |, we obtain
1
gulz(x) + Aexp(u(z)) = Aexpa, a =u(0) >0,

from which we can solve u explicitly (noticing that ' < 0 for z > 0),

1
u(x) = o — 2logcosh (535\/2)\exp a).

Thus ©(1) = 0, and u(z) > 0 for 0 < = < 1 if and only if

1
exp o = cosh? (5\/2)\expa>,

or, equivalently,

K ) (1+V/I—owla)
A= 5 exp(-a)-log (1 —/1- eXp(*O‘)).

From this equality we see that there exists a critical value A* such that:

(i) There are two solutions for A € (0, A*) for some \* ~ 0.45,
(i) The two solutions merge into one at A = \*, and
(iii) There are no solutions when A > \*.

6.2 The Moving Plane Method (Gidas—Ni—Nirenberg)

If in (6.5) and (6.6) the domain {2 is a ball of radius R, i.e., 2 = {z € R"; |z| <
R}, are there non-radial solutions? The answer is no. In fact, the symmetry prop-
erties were studied in Gidas—Ni—Nirenberg [60] for a large class of such problems
using the very powerful moving plane method.

We begin with a Hopf Lemma for nonnegative solutions.

Lemma 6.3. Ler 02 satisfies the interior sphere condition at xo € 0{2. Suppose
that u € C?(2) N C(N) satisfies

—a"Diju+b'Diu+cu>=0 inf2,

where a' | b, ¢ are continuous functions on {2 and a¥ satisfies the uniform ellipticity
condition. If u > 0, u # 0 and u(xg) = 0, then

Tim sup u(zo + an) — u(xo)
o—0 g

<0 6.7)

for any direction 1) such that i) - n > 0, where n is the exterior normal vector.
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Fig. 6.1 The moving plane n

Proof. Writing ¢ = ¢t — ¢, we then have
— aijDiju +bDu+ctuzcuz 0, (6.8)
from which the lemma follows by Theorem 2.9. [

The moving plane method. We assume that 92 € C?. Take a unit vector n and
define a family of “moving planes” parameterized by A € R, i.e., T\ = {x € R™;
n-x = A}. We assume that there exists a Ao such that T, N2 #Pand ThN2 =0
for A > A\g (see Fig.6.1).

For any x € R™, we denote by z* its reflection point through 7. We can then
define the open cap X (\) and its reflection through T, as follows.

YN ={z€2; n-xz>\},
X'\ = {2 ze (N}
Itis clear that Z(\) = D if A > A\g and () # D if A < Ag.

For 0 < Ao — A < 1, itis clear that X'(\) C §2. We can decrease A (moving the
planes) until one of the following happens (shape considerations):

(i) X'(\) becomes internally tangent to 9f2 at some point p ¢ T (we have p €
(0X"(N\) \ T») N 942 in this case), or
(i) T is orthogonal to 92 at some point ¢ € T N IS2.

Define
A1 = sup{\ < Ag; (i) or (ii) occurs }. (6.9)

Then neither (i) nor (i) will occur when A > A;. The cap X'(\;) is called the
maximal cap associated with this moving plane process. Note that 3/ (\;) C 2.

Lemma 6.4. Let 002 € C?, zy € 012 and that n is the exterior normal vector on
992 If for some small € > 0, uw € C%(2 N B.(x0)) satisfies

u(x) =0 on 02N B(xp), (6.10)
oy, (@0) =0, (6.11)

then
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Vu(zg) =0, (6.12)

%(IO) = Au(zo), gi’;;(zo) = Au(zo)(n(zop) ‘7)2. (6.13)

Proof. Equation (6.12) is trivial. To prove (6.13), we assume without loss of
generality that the axis ,, is in the direction of n(z¢). Writing

aQﬂBg(ZO) :xn:f(xla"' ax’n—l)7
where f € C? and satisfies
f-”](‘r?7 7$%_1)=0, CUO:(‘%'(IJV" 7$%—17‘T0)‘ (6.14)

Differentiating the relation u(z1, - ,zp—1, f(z1, -+ ,2n—1)) = 0 twice in z;,
using also (6.14) and the assumption that u,,, (z¢) = 0, we obtain

’U,:ciwj(mo):o fOI’Z',j::[,Q,...’n_l’

from which the first equality of (6.13) follows. Writing g%"; in terms of ug,.; (1 <4,
j < n), we obtain the second equality of (6.13). [

Lemma 6.5. Let 052 € C?, vy € 052 and n(xo) - v > 0, where n is the exterior
normal vector on 0S2. Take ¢ > 0 small enough so that n(x) - v > 0 forall x €
902 N Be(z0). Ifu € C*(2 N Be(xo)) and f € C*(R) satisfy

Au+ f(u) =0 in 2N B:(xo), (6.15)
u(z) >0 in 2N B(xo), (6.16)
u(x) =0 on 02N B.(xp), (6.17)

then there exists a 0 € (0, ¢€) such that g—: < 0on 2N Bs(xo).

Proof. By continuity, n(z) - v > 0 for z € 02N B.(x0) if ¢ < 1. Since u = 0 on
002N B¢ (xp) is the minimum value, we must have g—z(x) < Oforz € 92 N B (o).

If £(0) > 0, then for ¢(z) = /01 I (ru(z))dr,

—Au—c(z)u=f(0) >0 in2N B(xp),

so that, by Lemma 6.3, %(xo) < 0. By continuity, the conclusion holds if § > 0 is
small enough.

We next consider the case f(0) < 0. If the conclusion is not true, then we must
have g—:(xo) = 0 (otherwise we can use the continuity argument). It follows that

%(zo) = 0, and by Lemma 6.4, we have g%%(:z:o) = Au(zo)(n(z0) - 7)? =

—f(0)(n(zg)-7)? > 0. By continuity g%’;(x) > 0on 2N Bs(xg) if 6 > 01is small.
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Since %(m) < 0on 92N B.(xp), we must have g—?{(a:) < 0on 2N Bs(xg) by
the monotonicity of g—“;(:z:) in «y direction. [
Consider now the problem

— Au = f(u) in {2, (6.18)
u=0 on O0f2, (6.19)
uz=0 in §2, (6.20)

where we assume that {2 is a bounded domain with 2 € C? and f € C'(R).
We now consider the moving plane procedure:

Start moving the plane. By Lemma 6.5, for 0 < \g — A < 1,y = n(xg), we have

g—:(x) <0 forz e L(A\)UT\UX'(N), 6.21)

u(z) <u(z?) forx € 2(N). (6.22)

Continue moving. We want to move the plane T\ from 0 < Ag—\ < 1 to a smaller A
while preserving the above monotonicity property. We divide the proof into several
lemmas.

Lemma 6.6. Lety = n(xo). If X € [A1, Xo) satisfies

ou

8—7(90) <0 forze D(N), (6.23)
u(z) <u(x)  forz e X(N), (6.24)
u(x) #u(z?) forze XN, (6.25)
then
u(z) < u(z®)  forxze 2N, (6.26)
g—:(aﬁ) <0 forze2NT,. (6.27)

Proof. Assume without loss of generality v = n(zg) = (1,0,---,0) (see Fig. 6.1).
Then for x € X()\), we have 2 = (2\ — 21, 29, , Zp,).
Consider the function ¢(z) := u(2*) — u(zx) for x € X()). Clearly,

Flu(@?) = f(u(2)) = c(@)¢(z) in D),
in X(\),

—Ad(

&
SN~—
|
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By the maximum principle and Lemma 6.3, ¢(x) > 0 for x € X () and g—ﬁ () >0
for z € 2N Ty. The lemma follows immediately. []

The next lemma will enable us to move our plane all the way to A = \; (the
value \; corresponds to the maximal cap). This is the key step for the moving plane
method.

Lemma 6.7. Sery =n(xg) = (1,0,---,0). For A € (A1, \g), we have

u(z) <u(z®)  forx e (N, (6.28)
ou
8—7(@ <0 forze X(N). (6.29)

Proof. By the procedures in (6.21) and (6.22), we have for 0 < Ay — A < 1,

ou

—(z) <0 and u(x) <u(zd) forz e X(N). (6.30)
81'1

Decrease A until it cannot be further decreased, i.e., decrease A until it reaches
A =inf{\ € [\, \g); (6.30) holds forall A € (X, \g)}.
By the definition of \*, (6.30) is satisfied for A € (A*, \g). By continuity,

ou

8—(95) <0 and wu(z) <u(z?) forze X(\) forA=A\*. (631)
£

We claim that A* = \;. Assume the contrary. Then A* > Aq, and the assumptions
of Lemma 6.6 are satisfied. It follows that

u(z) < u(@®) forz e X(\), A=\, (6.32)
g—:(x) <0 forz e 2NT\, X=\" (6.33)

We can apply Lemma 6.5 at the point x € 92 N T~ (notice that since \* # A1, y
is not tangent to 92, by the definition of A\;) combined with (6.33) to conclude

g—:(x) <0 forzeX(\), A=A —¢, (6.34)

for all small € > 0. By definition of \*, there exist A; ,/ A* and z; € X'();) such
that

u(xj) > u(m;") (6.35)

Taking a subsequence if necessary, z; — = € X(A*) and therefore x;‘j — N €

S'O).
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By (6.32), we have © € 90X (\*). If © & T)~, then we get a contradiction since

uw=0ondf2and v > 0in §2. Thus € Ty~. It follows that |z; — :cj]| — 0, and
(6.35) contradicts (6.33). [0

Corollary 6.8. U%(m) = 0 for some x € 2 NTy,, then u(x) = u(z™), and
Q=S UE () U[Ty, N 9. (6.36)

Proof. By Lemmas 6.6 and 6.7, we have u(z) = u(2™). Since u > 0 in £2 and
u = 0 on 912, we conclude (6.36). [

Theorem 6.9. Consider the system (6.18)—(6.20) with 2 = Bg. Ifu € C*(2) isa
positive solution with f € C*(R), then u(x) = u(r) where r = |z| and v’ (r) < 0
forr € (0,R).

Proof. We can use the moving plane method in any direction. Take v to be in the z;
direction. It is clear that T, is a plane through the origin. Thus u,, < 0forx; > 0.
Taking  to be in the —z; direction we obtain u,, > 0 for 1 < 0. Thus u,, = 0 for
x1 = 0 and therefore by Corollary 6.8 v is symmetric in ;. Since -y is an arbitrary
direction, we conclude the theorem. [J

6.3 The Moving Plane Method on Unbounded Domains

One of the difficulties for extending the moving plane method to unbounded
domains is finding a suitable place to start the process. Consider the problem of
finding nonnegative solutions to the equation

—Au=u" inR" (6.37)

Theorem 6.10. (i) If1 < p < 222 forn >3and1 < p < oo ifn = 1,2, then
the only nonnegative solution to (6.37) is the trivial solution u = 0.

(ii) If p = Z—J_rg, then the nonnegative solutions to (6.37) are radially symmetric,
and must be of the form

o\ —(1-2)/2
U($)201(02+|$—$0\ ) :
for some xy € R™ and either ¢1 = 0, or ca > 0, and c’fl =n(n — 2)ca.
n+2

Remark 6.7. The classification of the solutions in the case p = 7= is related to
the study of the Yamabe problem. This result was proved by Gidas—Ni—Nirenberg
[61] under the additional assumption that u(z) = O(|z|~(*~2)) for |z| > 1. This
additional assumption was removed by Caffarelli-Gidas—Spruck [16]. The proof
here is a simplified version by Chen-Li [18]. Related results can also be found in
Gidas—Spruck [62, 63].
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Proof. In the case n = 1, we have
u”(z) <0, u(r) 20, —oo<z<oo.

This implies that v'(x) = 0. (If v/(zo) < 0 for some xg, then v/(z) < v'(zp) <0
for x > x( and u cannot remain positive for x >> 1; similarly, © cannot remain
positive for x < —1if /(o) > 0 for some x¢). Thus u = const. = 0.

In the case n = 2, we have

—Au(z) >0, u(z) >0, xcR%

A super-harmonic function on R? which is bounded from below must be constant
(left as an exercise). Thus u = const. = 0.

We now considerthe casen > 3,1 < p < Z—jg, we shall prove that u is symmet-
ric with respect to any point in R”, and hence v must be constant, and furthermore
from the equation this constant must be 0.

We take an arbitrary point in R". Without loss of generality, we assume that this
point is the origin.

Step 1. Kelvin’s transform. For each p > 0, it is clear that the function v(z) =
p?/ =Dy () satisfies the same equation in R”, and

(7;\—/;52)2/(131)

provided we take p to be small enough. We fix such a .
Suppose that «w #Z 0. Then by the maximum principle (Theorem 2.10), ¢ =

min v(z) > 0. Notice that
B1(0)

sup v(z) < p?PV sup u(z) < , (6.38)

z€B1(0) z€B,(0)

lim inf (v(x) - L) > 0.

M—oo |z|>M ‘l"n_Q

Thus a simple application of the comparison principle implies that

g

9

By letting M — oo, we derive

(@) > |x|i72 for |z > 1. (6.39)
. L. . 1 T .
We now introduce the Kelvin’s inversion w(z) = ||—2v (W) . Then w satisfies
x|~ T

the equations:
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—Aw = ‘x—l‘awp in R™, (6.40)

w(z) > e on B1(0), (6.41)
n—2\2/p-1) 1

< —— f >, 6.42

w(z) ( 2\/;3) ez for el = 042

where oo = (n + 2) — (n — 2)p. The function w may have a singularity at z = 0.
Introduce the notation for the moving planes

2)\:{($17"'7xn% $n<)\}7 /\ERl,
Ty = {(x1,-+ ,xn); xn = A},
2y=25\{(0,---,0,2)\)}.

Set

wa(z) —w(z), z €Dy,

¥Ya(z)

wy ()

W@y, 1,20 — @) = w(zt).

Clearly, for A < 0, |2*| < |z|, and

1 1 1
—Apy = = (wy —w?) + <_/\ 2= —a)wi
|z| |z || (6.43)
= W(wipr) inE)\.
Step 2. Start the moving plane process. Let us prove:
Y>>0 inXy if —A> 1. (6.44)
Define 5
n—
oa(z) = |el7Pa(2), B =5~
Then ) | |ﬂ
20 15 T ——
—A —x-V —=x = P — wP 2y
éx + HE - Vox+ |x|2<f>x |x|a(w)\ wP) in Xy
We rewrite this inequality as
26 =
— Apy + W x-Vor+c(z)pr =0 in Xy, (6.45)
where
B pg(x)

c(r) = EEAE &(z) is between wy (z) and w(x).
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We claim that
@) >0 ifze X, [Z]>1andgr(F)<O. (6.46)
In fact, if ¢ (Z) < 0 and |Z| > 1, then by (6.42),

n— 2)2/(1771) 1

0<wr(@ <€) <u® < (5o

|f|n—2'

and thus

>0

C(%) > |§j’|a+(n—2)(p—1) :

5 (n - 2>2 p
>\ 2yp

Near the point (0, - - - , 0, 2)) (which is a possible singularity point of ¢ (z)), we
have, by (6.41) and (6.42),

ox(x) = o’ (e —u(a))

> |zf? (5 L) (C is independent of A) (6.47)

o |2

C ~
> leﬁ(g_wm) >0 forzeXy, [z—(0,---,0,2)) <1,

if —A > 1. It is also clear that

(;SA(I) = O on T,\,

Cla|?
[pa ()] < W

—0 asz — oo.
Thus if ¢, is negative somewhere inside Zj’,\, the negative minimum of ¢ on fj)\
must be reached at a finite interior point z* of X\ \ {|z — (0,---,0,2)\)] < 1}.
We clearly have |z*| > 1if —A\ > 1. Thus ¢(z*) > 0 by (6.47) and we get a
contradiction to (6.45). Thus (6.44) is established. We remark here that this process
is also valid when p = (n + 2)/(n — 2).

Step 3. Move the plane. Let \o be the supremum of all negative \'s such that
¥y > 01in X, namely,

Ao =sup{A < 0; ¢,(x) > 0in g’# forall —oo < pu < A}
We claim that
n -+ 2
n—2

By Step 2, this Ao exists and is a finite number. Suppose on the contrary that Ao < 0.
By the continuity, ¢, = |z, > 0in X),. Sincea =n+2 — (n —2)p > 0

Ao=0 ifp< (6.48)
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and g < 0, ¢5, # 0 in Xy, by (6.43). Therefore by the maximum principle
(Theorem 2.10)

Ung >0 in Ty, \ (TAO u{(,-- ,0,2/\0)}). (6.49)

In particular,

= inf x) > 0. 6.50
{‘1_(07'”70;2/\0)\:|>\o\/2}¢)‘°( ) ( )

There may be a singularity at the point (0, - - - ,0,2)) for 1), (and hence for ¢»,),
so we construct the auxiliary function h(x):

1
Ahe(z) =0 fore < |z —(0,---,0,2X)| < 5\)\0\,

1
he(z) =46 f0r|x—(0,~-~,0,2/\0)\=§\A0|,
he(x) =0 for |z — (0,---,0,2))| = €.

The maximum principle implies that,
1
U, () > he(z) fore < |z —(0,---,0,2))| < §|)\0|.

Letting ¢ — 0+, and noticing also that 11%1+ he(z) = § (forn > 2, a bounded

harmonic function on a punctured disk has a removable singularity), we get
1
Yo () =6 for0<|z—(0,---,0,2X)] < §|)\0|. (6.51)

Since ¢, () > |Ao|PUy, (z) forall z € Xy,

lim inf ) > inf z) > 8 hol?.
A om0 Ao <ol @ 2 a0 0y i<ioy2y P20 (B) 2 8ol
(6.52)
Since \g is the supremum, there exist A\x \, Ag such that
inf ¢y, (z) <0. (6.53)

weZAk

Clearly, ‘ ‘lim o, (x) = 0. Since ¢ (z) = 0 on T}, the infimum in (6.53) cannot
x|——+o0

be reached on T}, . Recalling also (6.52), the infimum in (6.53) must be achieved at

some finite interior point 2% € Xy, \ B)y,/2 ((0, <0, 2)\0)> provided | A — Ao|
is small enough.

If |2%| > 1, then we again obtain a contradiction to (6.45) and (6.46). Thus

we must have |2*| < 1. By choosing a subsequence if necessary, we assume that
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ZF = 2™ € By, \BMO‘/Q((O,--- 70,2)\0)), and 9y, () = 0. By (6.51), we
have z°° € T,.

Connecting z* to the plane T}, by a line segment in the normal direction (z,,
direction) of the plane, we can find a point Z* on this line segment such that

(%b)\k ~k
— 5 >
oz, (@) =0,

by the mean value theorem. It is clear that 2¥ — x°°. Taking the limit, we find that

dPx,

) >
axn(x )/Oa

which is a contradiction to Hopf’s lemma. We proved that Ay = 0.

Step 4. Finishing the proof for the case 1 < p < (n+2)/(n—2). Since Ay = 0,
we obtain w(z1,- - ,Tp_1, —Zn) = w(x). Using the moving plane method in the
oppositive direction we also have w(z1, - -+ ,Zp—1, —2,) < w(z). In particular, this
implies that u(z) is symmetric with respect to the plane {x,, = 0}. Repeating this
argument in arbitrary direction for arbitrary point as the origin, we find that u(z) is
symmetric with respect to any plane, therefore it must be a constant. This constant
must be zero, by the equation.

Step 5. The case p = (n + 2)/(n — 2). Note that in this case & = 0. We can
follow Steps 1 and 2 above in this case. However, in Step 3 we cannot conclude
®x, Z 0 since we have o = 0 in (6.43). We have two possible scenarios: (1) either
we can move the plane to the origin Ay = 0 in any possible directions, in which
case we must have u(z) = w(|z|); or, (2) in at least one direction, ¢, = 0 for
some Ao < 0. In the latter case we have symmetry of w(x) with respect to the plane
{zn = Ao}. Then

x || 2 il
U<W) = |x)\0‘n72v(‘x/\0|2) for x, < Ao < 0.
Ao
Letting y = m we then have
x
C
v(y) < = for |y| > 1. (6.54)

Thus v achieves its maximum at a finite point . By rescaling and translation if
necessary, we assume that v attains its maximum at 0 and satisfies (6.40)—(6.42).
Now we can now apply the moving plane method directly to v and the fact that
v(0) = max v(x) enables us to move the plane to the origin. It follows that v(z) =

v(f])-
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Denote o the maximum of u and r = |x — 2°|. Then the problem is reduced to
solving the ODE:

n—1

u(r) + u'(r) + w2/ =2y =0 W/ (r) <0 forr >0,

0
v (0) =0, u(0) > 0.

Take c; so that u(0) agrees with the solution in the theorem. Then the conclusion of
the theorem follows by uniqueness. [

Remark 6.8. The similar results extend to problems with nonlinear boundary con-
ditions (see Exercise 6.4).

Remark 6.9. One important feature for the moving plane method is the simplicity.
The main tool used is the maximum principle. The moving plane method is nonethe-
less an very handy tool for studying symmetry properties of solutions and has been
employed by many authors.

6.4 Exercises

6.1. Prove that (6.5) and (6.6) has a solution if A > 0 is sufficiently small.

6.2. Consider the problem:

up — Au = Aexpu in 2 x {t > 0},
u=0 ondf2x{t>0},
u(m,O) = UO(ZC) > Oa

where (2 is smooth, and ug is smooth and satisfies the compatibility conditions.

1. If A > Xy, where )\ is the first eigenvalue for the —A with zero Dirichlet
boundary condition. Prove that all solutions blow up in finite time.
2. Prove that if A > 0 is sufficiently small, then there exist solutions global in time.

6.3. Prove that a super-harmonic defined on R? which is bounded from below must
be constant. This result is not true in R3, as shown in Theorem 6.10(ii).

6.4.* (See [23,72,96]) For the equation on the half-space with nonlinear boundary
condition:

—Au=0, wu(r)>0, xR},
ou

— =P, z € IR",
on +

where R" = {(x1, 2, - ,2,), 21 > 0}, prove the following theorem.
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Theorem 6.11. (i) If1 <p <n/(n—2), thenu = 0.
(ii) If p=n/(n —2), then

1 .
u(z) = A inRY,

for some xy & R?, and some constant c; = 0.






Chapter 7
Blow-Up Rate

It is established in Chap. 5 that the nonlinearity causes the blow-up to occur at a
finite time in certain situations. If the solution to the ODE

Ut = f(u’)a
blows up at a finite time t = T with u(T — 0) = 400, then
u=G(T —1),

© d
where G(€) is the inverse function of/ N particular, if f(u) = u? (p > 1),

f(n)
the blow-up rate for this ODE is (T — t)'/(»=1),

Definition 7.1. If G(s) /" +oo as s \, 0 and
G(ea(T —t)) < |ullpe < G(er(T —t)) for0<T —t <1,

for some ¢y > ¢1 > 0, we say G(c(T — t)) is the (L°°) blow-up rate.

A natural question is whether the blow-up rate for the PDE remains the same as
that for the corresponding ODE. In other words, is the diffusion strong enough to
have an impact on the blow-up rate? The answer depends on the system. The PDE
blow-up rate can be different from the ODE blow-up rate for some equations. But
for a large class of equations, the rate remains the same.

Remark 7.1. Even if the ODE blow-up rate and PDE blow-up rate are the same,
the constants in the definition of the blow-up rate can be different in the case
of nonlinear principle part. Namely, suppose that the ODE solution is given by
G(T — t), the PDE solution at the blow-up point can behave like G(c¢(T — t)) with
c<1.

B. Hu, Blow-up Theories for Semilinear Parabolic Equations, Lecture Notes 65
in Mathematics 2018, DOI 10.1007/978-3-642-18460-4_7,
(© Springer-Verlag Berlin Heidelberg 2011
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7.1 Blow-Up Rate Lower Bound for Internal Heat Source

The lower bound is the easier part of the blow-up rate estimate. We begin by
considering the classical solution to the equation

u — Au = f(u), =€, t>0, (7.1)
u =0, z €N, t>0, (7.2)
u=wup(x) >0, (7.3)

where we assume that {2 is a bounded domain, v > 0 and blows up at a finite time
T, and f(u) > 0 for v > 0. Notice that the assumption of finite time blow-up

implies that /OO du < 0o
f(u) '

Theorem 7.1.
maxu(z,t) > G(T —t) for0<T—t<1, (7.4)
e

where G(&) is the inverse function of / %
u n

Proof. Define

M (t) = maxu(x,t).
zef?

The function M () is clearly Lipschitz continuous and therefore M’ (t) exists almost
everywhere. For each ¢t € (0,7, the maximum of u(-,¢) must be attained at an
interior point (z*, t), on which we must have Au(z?,t) < 0. Clearly,

u(z',t) < M(t), vt € (0,T), wu(z',ty) = M(to).
Therefore M’ (ty) = us(x'0, to) at any ¢y where M is differentiable. It follows that
M) = w (@', 1) < flu(a',8) = F(M() aete(©T),

which implies
(o]
/ BUEDY -
My f(n)

Remark 7.2. We established that the ODE blow-up rate is the lower bound for the
PDE blow-up rate. Other than the regularity assumptions and necessary conditions
for blow-up, there are essentially no other growth assumptions or monotonicity
assumptions.

Remark 7.3. If f(u) = uP, then

N> ()Y ! for0 < T —t < 1:
muue.)> (7=7) oy fro<T-ot<l
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if f(u) = expu, then

max u(z,t) > log
z€R T—

forO0< T —t <1,
and if f(u) = u log?(u + 1), then

1 n+1) s (—)"" ! for0<T —t< 1
og(rmnez%(u(x, )—|— )/ (E) m orl < -t 1.

7.2 Blow-Up Rate Lower Bound: A Scaling Method

Consider the classical solution to the equation

ug — Au = 0, ze 2, t>0, (7.5)
% = f(u), €02, t>0, (7.6)
u(z,0) = up(z) >0, (7.7)

where we assume that {2 is a bounded domain,

u>0,ze2, t>0, andblows up at a finite time 7', (7.8)
fect, f(u)>0 foru>D0. (7.9)

The lower bound for the case of boundary source is not as simple as the case of
interior source, since one cannot directly compare u; with the source term. As a
matter of fact, f(u) is related to the first order spatial derivatives while u; is related
to the second order spatial derivatives.

For the problems with nonlinear boundary source, in order to get the “correct”
order of growth for u;, we use the scaling method (c.f. Hu-Yin [75]), plus the
discretization method (c.f. Hu [73]) (the papers [73, 75] actually deals only with
f(u) = uP, but the method clearly extends to the general f(u), as given here).

We begin with a lemma modified from [73, Lemma 3.1].

Lemma 7.2 (Doubling). Suppose that there exist ¢; > 0 and a function k(u) such
that

K(u) =0 foru>co>0, k(co) > 0,
t; <T, andt; /T asj— oo,
M(t;) = +o00 asj — oo,
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R(M(tj1)) = 2k(M(t;)) >0, j=0,1,2,---,

tip1 —tj .
M (¢ > < - e
k( (t])) n[(tj+1) — M(t]) = (\> C1, J 07 1727

Then there exists a constant C > 0, independent of tg, such that

T dn _
/M(to) k(ﬁ)< () O ~to).

Proof. By our assumptions,

M(t; — M(t; M(tiva) g
i1 —t > (J+1) (]) > 01/ an

k(M(t;)) My k)

Taking summation over j = 0 through oo, we obtain

< d
T— to Z Cl/ k_n
M (to) ()

Similarly, in the case the third inequality is reversed in the assumptions,

M (L — M (¢ M(tj+1) g
tji+1 — 1t < 2¢1 (1) (t;) <2cl/ lh

k(M (tj+1)) My k()
Taking summation over j = 0 through oo, we derive
< d
T— to < 261 / —n |:|
M (to) k(n)

Theorem 7.3. Let the assumptions (7.8) and (7.9) be in force and that 92 € C*
(i.e., uniformly Lipschitz). Assume without loss of generality that ug(z) > ¢o > 0.

Set 2
M (t) = maxu(x,t), k(u) = sup f2(n) .
e co<n<u 7

We further assume that k satisfies, for some L > 1 and some 3 > 0

k(&2)
k(&1)

Then there exists C > 0 such that

< dn _
/Mm ki SCE 0

=2, & =26 2>2L implies 2‘_2 >1+p6. (7.10)
1
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Proof. Since M (t) may not be monotone in ¢, for each t* we let v to be the
solution of

vy — Av = 0, x €N, t>t
0
a—Z:fl(v), €O, t>t"

v, t7) = M(t%),

where fi(v) = y/vk(v). It is clear that f{(v) > 0 and

> f(v) forv > ¢p.
Thus v is monotone in ¢ and by the comparison principle,

u(z,t) <ov(z,t) fort >t
In particular, v(x, t) must blow up in finite time. Take ¢; such that

My = maxv(z, t1), k(My) = 2k(M(t")). (7.11)
e

Then clearly, My > M (¢1) and there exists a%vl > t1 such that

M, = M(ty). (7.12)
Set M
A= L
fi(My)

Define the scaling

1
w(ya S) = _U()‘y + .13*, /\25 + tl)

=
Then
tr—t
ws — Ayw =0, ye€ 2y, )\21<s<0,

ow  fi(Myw) -t

— = €0\, —— < s<0,

any f1(M1) 4 A )\2 d

w(0,0) =1,

0<w<l, yEQ,\,)\—;<S<0,
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M
where 2y, = {y; A\y+z* € £2}. Since the function g(w) := fildhw) is uniformly

J1(My)

bounded for s < 0, we have the Holder estimates (Remark 3.5) for w:

tp —t*
lw(0,51) —w(0,s2)| < Clsy — s2/7/?  for — min (1, 17) <s1 <s2<0.
(7.13)
Taking s3 = 0, s7 = — min (17 %), we conclude
ty— /2 M (t%)
>1-——= 7.14
d 22 M, (.19

(in the case (t; — t*)/A? > 1, (7.14) is obviously true; on the other hand in the
case (t1 —t*)/A? < 1, we have s; = — (1 — t*)/\? and we obtain (7.14) from the
definition of w).

Assume without loss of generality that M (¢t*) > L, then the assumption (7.10)
implies that (using also (7.11))

M,
M (t¥)

>1+4. (7.15)

Substituting (7.15) into (7.14), we derive

ty —t*
17 >co>0 (co is independent of t*),
ie.,
k(M)
———=(t1 — t*) = co. 7.16
v, () = (7.16)

Recalling (7.12), (7.15) and the fact that t1 > t1, we deduce from (7.16) that

m(h—t )>Tl(t1—t ) = co. (7.17)

Using ¢, as the new starting point t*, we can now proceed to obtain ¢, such that

BM(E) =
m(tg — tl) 2 Co. (718)

This procedure enables us to obtain a sequence of fj satisfying the assumptions of

Lemma 7.2, and we conclude the theorem by applying Lemma 7.2. ]

Remark 7.4. 1f
EK'(&) < Ck(§) for&>1,

then clearly (7.10) is satisfied.
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Remark 7.5. In the scaling method, the key for deriving a blow-up rate lower bound
is to establish (7.16). Note that this is equivalent to saying the scaled solution w
cannot jump from value 1/(5 + 1) to value 1 in a time interval that may shrink to 0.
Thus the lower bound blow-up rate estimate is essentially a modulus of continuity
regularity estimate.

As an immediate corollary, we have

Corollary 7.4 (Necessary condition). Let 2 be a bounded Lipschitz domain. Sup-
pose that (7.10) holds, and that for some ¢y > 0,

2
fect, %[fT(“)}>o foru > co, (7.19)

and for some initial datum uy > 0, the solution u(x,t) blows up at a finite time T,
then

oo

ndn
Co f2 (77)
Remark 7.6. This necessary condition, under the assumptions (7.10) and (7.19),

is also sufficient for all nontrivial solutions to blow up in finite time (see Theo-
rem 7.14). We leave its proof as an exercise.

< 400. (7.20)

We already established in Chap. 5 that, in the case f(u) = u? in (7.6), all non-
trivial solutions blow-up in finite time. We now state the theorem for the lower
bound.

Corollary 7.5. Let 2 be a bounded Lipschitz domain. If in (7.6), f(u) = u?
(p>1), then there exists co > 0 such that

( t) > ____ @
hep U2 T pRe-DD

where T' is the blow-up time.

The function
f(u) =wu logP(u+1), (p>1/2),

also satisfies the assumptions of Theorem 7.3, in this case we have

Corollary 7.6. Let §2 be a bounded Lipschitz domain and f(u) = u log?(u + 1)
(p > 1/2) in (7.6). Then there exists co > 0 such that

log (magu(x,t) +1 (7.21)

> %
- )> T — )/

where T' is the blow-up time.
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Remark 7.7. Here we only use Holder estimates. If {2 and f(u) is more regular, say
02 € C*t*, f(u) = uP, then the Schauder estimate (Theorem 3.4) can be used,
and in this case discretization is not necessary. We can estimate wu; directly in terms
of the function & (u) through a scaling and applying the Schauder estimates.

7.3 Blow-Up Rate Upper Bound: Friedman—-McLeod’s Method

Consider the equation

uy — Au = f(u), x €, t>0, (7.22)
w=0, x€d, t>0, (7.23)
u = ug(x) > 0. (7.24)

We assume that the solution u blows up in finite time 7" and want to find out the
blow-up rate. Roughly speaking, the ODE rate is the same as the PDE rate if and
only if the diffusion term Aw cancels only a fraction of the source term f(u). In
another words, w; is still roughly proportional to f(u) for large w in this situation.
Friedman—McLeod [42] rigorously established this by using the maximum principle
through carefully constructed auxiliary functions.

Theorem 7.7. Consider (7.1)—(7.3), where we assume that (2 is a smooth and
bounded domain, ug € C*(12),

ug =0, Aug(z)+ fluo(z)) =0, x € 2, uo(x) =0, x € 902. (7.25)
We further assume that
fect, fuw)>0 foru>o0, (7.26)
and that there exists some function F' such that
F>0,F'>0, F">0, f'F—fF >0. (7.27)

Finally, we assume that the blow-up set is a compact subset of (2. Under these
assumptions, for any small n > 0 there exists a § > 0 such that

ug = 0F (u) in 2" x (n,T), (7.28)

where

0" = {x € 2; dist(x,00) > n}.
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Proof. Following Sect. 5.3 of Chap. 5, we find that u(x,t) > wuo(x) and then, as in
the argument (5.25), we conclude u(z,t +n) > u(x,t) for any > 0. This implies
that (noticing that u; # 0)

ug(z,t) >0 forxe 2, 0<t<T. (7.29)

The function
J = Ut — 5F(u)

satisfies
Jy— AJ — f(uw)J =6(f'F — fF') + (5F”|Vu|2 >0,

where (7.27) is used.
In view of the assumption that the blow-up set is a compact set, we have for small
n >0,
Fluy<Cy<oo ifxed’, 0<t<T.

Using also (7.29), we find that
J>0 on (89” X (O,T)) u (Q” x {t :77}),

provided we first take § > 0 to be small. Now the theorem follows from the
maximum principle. d

To use this theorem, however, we need to establish the fact that blow-up cannot
occur at the boundary. Intuitively this looks like to be true, since v = 0 on the bound-
ary. But we need to exclude the possibility of a sequence of points z* approaching
the boundary on which the solution u becomes unbounded as ¢ approaches 7.

We begin with following lemma:

Lemma 7.8. In addition to the assumption (7.26), assume that
2 is strictly convex with 92 € C*.

Then for any point xo € 012, any ¢y > 0, and the exterior unit normal v = n(xg),
there exists an > 0 such that

ou

a—v(aj,t) <0 forx € By(zo) N2, cg<t<T, (7.30)
g—:(aj,t) < —n forz € By(xo) NI, cp <t <T, (7.31)

Proof. We can first establish the estimate at t = c¢g > 0 by Hopf’s lemma. Then we
can use reflection along a plane similar to the method used in Chap. 6 to establish
(7.30). The detail of the proof is left as an Exercise.

To prove (7.31), we can apply the maximum principle to derive u(x, t) > v(z,t),
where v(x,t) is the solution of v; — Av =01in 2 x (0,7),v =00n 92 x (0,T),
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v(x,c0/2) = u(x,co/2). Since v clearly satisfies (7.31), and %(m,t) < g—fy(x,t)
for & € By (x0) N 042, we conclude (7.31). O

Lemma 7.9. In addition to the assumptions of Lemma 7.8, assume that there exists
a small § > 0 and some function F' such that

= g
F>0,F'>0 F'">0, fF—fF +2F3>2FF, / .
)

F(n)
(7.32)
Then the blow-up set is a compact subset of (2.

Proof. Take xo € 0f2. By a rotation and a translation if necessary, we assume that
the positive x,,-axis is the exterior normal direction and xo = 0. By using a finite
covering if necessary, we can find a small A > 0 such that

ou

a—(x,t) <0 forx, >N x€N, cp<t<T, (7.33)
Tn
ou
o (x,t) < =0 forx, > -\ €0, co <t<T. (7.34)
Let 9
u 2
= " (2,t) — 8(xn F(u).
J pr. (z,t) — 6(xn + V) F(u)

Then by (7.33) and (7.34), for sufficiently small § > 0,

J>0 ona({x € N2, x, > —A}) x {co <t <T}
Nz € 2,20 > =2} x {t = o}
A direct computation shows that, for small § > 0,
Jp— AT — f'(u)J +46(z, + N)F'JT
= 6(zn + )2 (f’F — fF' + F"|Vu|* — 46(x,, + \)FF' + 2&)

20 in{ze,z,>-A}x{co<t<T}.

Thus J > 0in {x € 2,2, > —A} x {cop < t < T} by the maximum principle.

Now fixing (21, - ,2,—1) and integrating over x,, € [—A, —\/2], we obtain
o u(0,++,0,— )
/ oy / 0 s
w(0,,0,-x/2) F1) 7 Jugo,0-xy2) F1(n) ~ 24
Thus w(zy,- - ,2p—1,—A/2) is bounded above in a small neighborhood of .

Since (w1, ,Tp_1,Tn) < u(x1, - ,Tpn_1,—A/2) for —\/2 < z,,, and since
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we can follow this procedure for any direction, we can use a finite covering argument
to conclude the lemma. g

Corollary 7.10. If (2 is a bounded convex domain with 952 € C? and either f(u) =
uP (p > 1) or f(u) = exp u, then the blow-up set is a compact subset of {2.

Proof. Tt suffices to find an F satisfying (7.32). In the case f(u) = uP, we can

take F(u) = w9 for any 1 < ¢ < p. In the case f(u) = expu, we can take
F(u) = exp(u/2). g

Corollary_7.11. Let 2 be a bounded convex domain with 912 € C?. Assume that
Ug € CQ(Q),

uo =0, Aug(x)+ fluo(z)) 20, z € 2, up(z) =0, x € 912

If f(u) = uP and T is the blow-up time, then

u(x,t) < (7.35)

(T — )/

and if f(u) = expu and T is the blow-up time, then

1
u(zx,t) < logT ; +C.

Proof. By Corollary 7.10, the blow-up set is a compact subset of {2. Now we choose
F = f in Theorem 7.7 to finish the proof. O

Remark 7.8. The assumption in Theorem 7.7 guarantees that u; is nonnegative. This
is essential in the proof. Because of this restriction, this proof cannot be applied to
solutions oscillating in the ¢ direction.

Remark 7.9. One might ask whether it is true that the ODE blow-up rate (Type I) is
always the same as the PDE blow-up rate. For the case {2 = R™ (n > 11),

S e n—2yn—1
L P W

it is shown in Herrero—Velazquez [71] there exists positive solutions u(r, t) (see also
Mizoguchi [106]) such that

flu) =uP,

lim sup(T — )Y/ P~V (0,t) = +oo,
t T

such a rate is called Type II blow-up. Here p* is the Joseph—Lundgren constant [79].
It is also established in Filippas—Herrero—Velazquez [39] that type II blow-up can
also occur forp = (n +2)/(n — 2).
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On the other hand, in the case that {2 = Bp in (7.22)—(7.24) (n > 3) and

— p—1 n_H< < *
F) =l P < p <y,
where
—2v/n—1
p* = n4 213/_1 ifn>11, p"=0c0 if3<n<1l1.
n—4—2yn—

It is shown in Matano—Merle [102] that any radially symmetric blow-up solution
(the solution is allowed to change sign) must satisfy

C
I;lea%du(z,t)\ < m,

such a rate is called Type I blow-up.

Remark 7.10. The Friedman—-McLeod method compares u; with the source term
f(w), which is intuitively promising since these terms appear at the “same level” in
the equation. It is therefore not clear whether this method can be applied to equations
with boundary source. In the next section, we shall introduce the scaling method for
dealing with equations with boundary source.

Remark 7.11. Under the assumption which makes u; > 0, the estimate (7.35) is
valid for all p € (1,00). Using similarity variables, Giga—Kohn [65] established
(7.35) for 1 < p < (n+ 2)/(n — 2) for convex domains without the assumption
that guarantees that u; > 0. We shall further discuss this in Chap. 8.

Remark 7.12. With reasonable assumptions on f, the function

L f(u)

Flu) = 26 In f(u)

satisfies (7.32). It is optimal in the sense that all “leading order” terms are taken
care of and the fourth inequality in (7.32) will be violated for sufficiently large w if
the coefficient 21—5 is replaced by 21—5 + ¢ for any small € > 0. In the case of radially
symmetric solutions with f(0) = 0, the argument in Lemma 7.9 (with § = 1)
leads to

up +7rF(u) <0.

This estimate is then used to derive sharp estimates containing “log” terms in blow-
up behaviors. The Chaps.9 and 10 therein contain detailed analysis when f(u) =
u(lnw)P. We refer to Galaktionov—Vazquez [58] for more details.
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7.4 Blow-Up Rate Upper Bound: A Scaling Method
The scaling method can also be used to establish the upper bound for the blow-up

rate. However, the proof is more demanding in this case as explained in Remark 7.13.
Consider the equation

u—Au=0, €, t>0, (7.36)
0
9 fw), redn, t>o0, (1.37)
on
u=up(z) =0, (7.38)
where we assume that
2 is a bounded Lipschitz domain, (7.39)
fect, f(u)>0 foru>0, (7.40)
lim sup maxu(z,t) = +oo, (7.41)
t/T zes?
and that the function )
k(u) = sup 0] (7.42)
co<n<u 1]

satisfies (7.10).

For this problem with boundary source, we shall use the again scaling method
(c.f. Hu—Yin [75]) and the discretization (c.f. Hu [73]) to establish an upper bound.
We will first introduce the method, and then impose assumptions in addition to
(7.10), (7.39)—(7.41) to carry out the procedure. Let

M(t) = max maxu(z,T).
0S7<t 2€2

Then M(t) /" ocast / T.Fixt* suchthat 0 < T — t* < 1 and take & € 942,
t € (T'/2,t*] such that
M@t = u(Z, t). (7.43)
Since M (t) — oo and k(u) is monotonically increasing, there is a first time ¢; > t*
such that
k(M(t1)) = 2k(M(t7)),

max u(z,t1) = M(t1). (7.44)

z€e(?
Note that (7.10) implies that, for § > 0,

Mt
M)

~

>1+4. (7.45)
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Define the scaling

. . —t ty—t
u My + TN s4+1), ye, — <s< !

A2 A2

1
W) = 377y

where 2, = {y; \y +Z € 2}, and

M (1)
A= 7.46
ROV (1)) (740
Then
t ti—t
we—Ayw =0, y €D, —35 <8< 5, (7.47)
) Mt t t—t
ow _ _JMtw) YyEIN, —5 <s< -5, (148
Ony M (t1)k(M(t1)) A A
t t—1t
0<w(y,s) <1, ye Ny, —F<S<T, (7.49)
M(t*) 1 ty—t
w(0,0) = < — maxw( ,—)zl. 7.50
It follows from the definition of k(u) and the fact that w < 1 that
M(t t ti—t
0< JME)wWs) o ho S cs< 2L (7.51)
M(t1)k(M(t1)) A A
The upper bound rate estimate depends on the following estimate:
th—t .,
Sy = 1A2 <Cr, (7.52)

for some C* > 1 independent of A, t*, t. Extra assumptions are necessary in order
to derive this estimate.
If we established (7.52), then

t—t* 1 h—t
k(M(tl))M(h; “ME) 1 fM(t*)/M(tl)k(M(tl))&(tl)
1+08 t—t A+
<5 e 95

Using ¢; as the new starting point in place of t*, we can repeat the above procedure.
Thus we can obtain a sequence t; — T satisfying the assumptions of Lemma 7.2,
and thus
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s 5T -0, 7.53
/]Vl(t*) k(n) ( ) (7:53)

for some 6 > 0.

< d
Remark 7.13. Since / Wn) is finite, k(7)) must grow more than w, at least on a
Ul

subsequence. With very mild additional assumptions on the function k(n), “k(&2) =
2k(&) for & > &1 > 17 would imply &2 /&1 < C for some constant C' > 1. In this
case we have

—M(t*) > ¢

Mt) ~ ™

If we use the scaling method, the key for deriving a blow-up rate upper bound is to
establish (7.52). As indicated in Remark 7.5, the lower bound is essentially reduced
to regularity estimates. However, (7.52) is basically equivalent to saying that the
scaled solution w should take a finite time interval (uniformly bounded) to go from
value in [cg, 1 — ¢g] (co > 0) to value 1. Is clear that a regularity estimate alone is
not enough.

w(0,0) =

Now we will give various conditions to ensure (7.52).

Theorem 7.12. Consider the equation

u—Au=0, €, t>0, (7.54)
g—z = f(u), xz€0902,t>0, (7.55)
u=ug(x) =0, (7.56)
where we assume that

2 is a bounded domain with 012 € C* T, (7.57)
fect, f(u)>0 foru>o0, (7.58)
im 2 1 1 cpc " ns31<p<ocoifn=12 (759

n—oo nP n—2

_ 0
ug € C*(2), —Aug(z) <0in £, uao(x) < f(ug(x)) on 092. (7.60)
n

Then

)< —FOC
IJI}GE%(U x, X (T _ t)l/[2(p*1)] )

where T' is the blow-up time.

(7.61)

Proof. 1t is not difficult to verify that (7.59) implies (7.10). The assumption (7.59)
also implies that the scaled function w(y, s) satisfies

w(0,0) > co > 0, (7.62)
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for some c( independent of ¢*, and

f(qw) »

— w

uniformly for w € [0, 1] as n — +o0. (7.63)
nk(n)

Following the proof of Theorem 5.4 it is not difficult to prove that
ug(x,t) =0 forzre 2, 0<t<T. (7.64)

It follows that the scaled function w(y, s) satisfies ws(y,s) > 0 in addition to
(7.47)~(7.50).

If (7.52) is not true, then we can find a sequence ¢; " 1" such that, for (¢1);
defined as the doubling time for the function k(n) from 7 = M (¢}) and the corre-
sponding \; is defined by (7.46), we have s, — +00. We denote the corresponding
scaled function by w; (y, s). We now make a rotation so that the exterior normal at
y=0is (1,0,---,0), the solution is still denoted by w, (y, s).

By Remark 3.5 and the compactness C77/2(2, N {|y| < K}) x [~ K, K]) —
C(25, N{ly| < K}) x [~ K, K]) (Ascoli-Arzela theorem), we can take a further
subsequence if necessary to obtain

lwi = Ylloq@, niyicxn x-xx) = 0
Vywj Xy, (y) = Vyy  in {L2(RE N {ly| < K}) x [-K, K])}™

We can further use a diagonalization procedure so that the above convergence is
valid for any K > 1. It follow that 1) € C(R" x (—00,00)) is a weak solution of

s — Ay =0, yeRY, —oo<s< oo, (7.65)
0

il =yP, yedRY, —oo < s < oo, (7.66)
ony

0<%y, s) <1,  Ys(y,s) =20 yeR}, —co<s<oo, (7.67)
¥(0,0) > co > 0. (7.68)

By regularity for parabolic equations (e.g., a consequence of Theorem 3.2) we actu-
ally have ¢ € C"°°. We shall now derive a contradiction by showing that there is no
solution satisfying (7.65)—(7.68).

By monotone convergence theorem, the limit

¢(y) = lim ¥(y, s) (7.69)
§—00
is well-defined. We will now use the same method as in the proof of Theorem 6.1
(see Remark 6.1), using compactness and uniqueness of the limit (see (7.69)) to
conclude that the above convergence (as s — 00, not just on subsequences) holds
uniformly for any order of derivatives on any compact set. In particular,
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s+1
Ayply) = lim Ay [ Y(y,7)dr
= lim (¥(y, s +1) = ¥(y.5))
=0.

Thus ¢ satisfies

-Ayp=0, yeRY,
¢

— =P € OR"
8ny o,y +5
0<o(y) <1, yeRy,
¢(0) >0,
which is a contradiction to Theorem 6.11(1). O

Remark 7.14. The above theorem is also valid for p = n/(n — 2). See [73].

Remark 7.15. The assumption that 92 € C'* ensures that the scaled domain

converges to a half-space. If we allow Lipschitz domains, then the scaled domain
o . . . n—1
may converge to an infinite cone. In this case the result is valid for 1 < p < ——

n—2
(cf. [68]).
If we drop the monotonicity assumption in ¢, we have the following theorem.
Theorem 7.13. Consider (7.54)—(7.56), where we assume (7.57), (7.58) and

limf(n)

71— 00 nP

1
=1, l<p<l+-. (7.70)
n

Then

max u(z,t) < ¢ (7.71)

weD (T —t)1/12(p=D]"
where T' is the blow-up time.
Proof. Note that (7.60) was used to prove that the solution of (7.65)—(7.68) is mono-

tone in s in the proof of Theorem 7.12. In the case 1 < p < 1+ %, (7.65)—(7.68)
does not have a global solution by Theorem 5.6(ii). d

Remark 7.16. In the one-space-dimensional case with boundary flux wP, with
assumptions up to third order derivatives on the initial datum, the blow-up rate was
established by Fila—Quittner [38].

Remark 7.17. Some of the methods here can also be used to study the blow-up rates
for the equations with principle parts such as u; — Au'™ or u; — V(|Vu|”Vu™), as
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well as systems such as (5.39) and (5.40). The blow-up rate estimate Theorem 7.13
uses the nonexistence part of the Fujita’s critical exponents. The result was extended
to system by Chlebik—Fila [24]. There are a flurry of works in blow-up properties,
blow-up rate, etc., and we refer the readers to [13, 14,22,35,40,41,44,45,92,95,98,
122,126,136-141, 145-147] and the references therein.

7.5 Exercises

7.1. Here is a “much simpler” proof for the blow-up rate upper bound for the system
(7.1)—(7.3) than the Friedman—-McLeod method:

Proof. Suppose that the solution of (7.1)—(7.3) blows up in finite time. We compare
the solution of (7.1)—(7.3) with the solution of the ODE:

U'(t) = f(U(),  U(0) = maxuo(x).
€L
By the maximum principle, u(x,t) < U(t), and therefore max u(x,t) < U(t) <
€2
w f@)

) = wu. This proof does not even require the mono-

G(T —t), where T is the blow-up time and G is the inverse function of

i.e., G satisfies G(/ %
u n

tonicity of w with respect to ¢. This proof is incorrect. Indicate the error.

7.2. Can Corollaries 7.10, 7.11 be extended to the case f(u) = u logP(u + 1) for
some p > 17

7.3. Prove the following theorem:

Theorem 7.14. Let §2 be a bounded domain with 082 € C?. Assume that f satisfies
(7.10) and (7.19), and

oo

ndn
e f*(n)

< oo forsomec > 0. (7.72)

Prove that all nontrivial nonnegative solution to the system (7.5)—(7.7) must blow
up in finite time.

(Hint: This is an exercise for scaling argument. (1) You may assume without loss
of generality u; > 0. Why? (2) If the solution is global in time, establish that
lim max u(x,t) = +00.)

t—00 12

7.4. Prove (7.30) of Lemma 7.8.
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7.5. Let {2 is a bounded smooth domain. Consider the problem
U = i (T)Ugo; + bi(T)up, +u?, €, 1>0,
0
—u:u”, x €02, t>0,
on
u(z,0) = ugp(z) =0,

where

aij, b € C(2), M <(ay) <A, A>A>0,
l<p<(g+1)/2, 1<p<1l++.

Establish the blow-up rate estimate.






Chapter 8
Asymptotically Self-Similar Blow-Up Solutions

The similarity variables can be used to study the asymptotic behavior (see Barenblatt
[9]). Giga—Kohn [64, 65] gave a finer description of the blow-up behavior of the
equation

ug— Au=|[ulPtu, €, 0<t<T, (8.1)
u=0, x€df, 0<t<T, (8.2)
u(z,0) = uo(x). (8.3)

Their approach also uses the similarity variables, together with the Pohozaev iden-
tity; see Theorem 8.5. In the one-space-dimensional case, the nonexistence result
(and hence Theorem 8.5) was given earlier by Ad’jutov—Lepin [2] without using
any Pohozaev-type inequalities.

For the problem

ug — Au = |[ulPtu, TER", 0<t<T, (8.4)

we may look for special blow-up solution of the form

w(z,t) = (T —t) /P Dw(y), y= (8.5)

T—t

Such a solution is called a backward self similar blow-up solution. A simple
computation shows that w is a solution of the PDE

1 1
—Aw+ =~y -V + ——w = [wP~ w, y e R". (8.6)
2 p—1
Sometimes it is more convenient to rewrite the above equation in divergence form

1
-V, (6*|y|2/4vyw) _ e*|y|2/4<|w|p71w _ ple>’ yER™.  (87)

B. Hu, Blow-up Theories for Semilinear Parabolic Equations, Lecture Notes 85
in Mathematics 2018, DOI 10.1007/978-3-642-18460-4_8,
(© Springer-Verlag Berlin Heidelberg 2011
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There are three constant solutions, given by

1 \Yp-1)
w=o,  w=s()

o (8.8)

n -+ 2 . . .
Inthecase 1 < p < o these are the only solutions as shown in the next section.

8.1 Pohozaev Identity

We assume that we can always integrate by parts over R™ in the computations. This
is not a heavy restriction since there is a factor e~1¥"/4 in the equation. Multiplying
(8.7) with w, and integrating over R™, we obtain

1
/ e_|y|2/4|vyw\2dy = / e_‘y‘2/4(|w|”+1 - —1|w|2)dy (8.9)
n n p—
Similarly, multiplying (8.7) with |y|?w, and integrating over R", we get
/ Wy 21wl dy

_ —|yl?/4,.121,,|p+1 / _|y|2/4{ 2 p+1 9 2}
= [ e Y7 |w dy+ [ e njw —|y|*|w|" ¢ dy.
|y . wl? = 5 Pl
(8.10)
Finally, multiplying (8.7) with y - V,w, and integrating over R”, we derive

/ e*|y|2/4vyw -Vy (yvyw) dy
2 1 1
= —lyl*/4 . o ptl 2
e (gl = s ) dy S

2
Yy —y|2 1 1
:/ (% —n)e lyl™/4., (p_+ 1|w|erl “3p-0) -|w|2)dy.

Since
Vyw - Vy (yvyw) = |vyw|2 + %y ) vy(|vyw|2)’

we have
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/ e_‘y‘2/4vyw -Vy (yvyw) dy

e e 1

:/ e~ 1y /4\Vyw|2dy+/ e Wi/ §y~Vy(|Vywl2)dy (8.12)
Rn R™

_ —lvI*/4)7, w|2d Ll /47 w|2d

= € Vyw[“dy + s\ e Vyw|“dy.
n RTL

Substituting (8.12) into (8.11), we derive
/ e_y2/4(w+—2_n)\v w|?dy
n 4 2 Y

|y|2 )—y2/4 ( 1 p+1 1 2)
= — —nje | ——w — — - |w|? )dy.
IRe gl = s )y

The combination 2n x (8.9) - (8.10) +2(p + 1) x (8.13) gives

(8.13)

-1 2
/ ((2 —n)p+(n+2)+ pT|y|2)e_y /4|Vyw\2dy =0.

To make the process rigorous, we need conditions near co so that the above inte-
grations can be carried out rigorously. Note that we have an exponentially decaying
factor e~ 1¥I°/ 4, the condition of w near oo is rather mild. For example, if |w| grows
not too fast near oo, then all derivatives also grow not too fast near oo (left as
Exercise 8.1). In this case we have

Theorem 8.1 (Pohozaev identity). I[fw € C?(R") satisfies (8.6) and that |w(y)| <
C exp(e|y|?) for some 0 < € < 1, then

-1 2
/ (@—mp+ it 2) + 22yl e v AV uPdy =0, @14

Corollary 8.2. Assume that 1 < p < (n + 2)/(n — 2), then a solution of (8.6)
growing no faster than exp(e|y|?) (e < 1) at co must be a constant.

8.2 Asymptotically Backward Self Similar Blow-Up Solutions

The proof in this section is from Giga—Kohn [64, 65]. Consider (8.1)—(8.3). Using
a translation if necessary, we assume that 0 € (2 is a blow-up point.
We assume 7' is the blow-up time. After making a change of variables,

xT

V=T

u(z,t) = (T =) /P Vu(y, s), (8.15)

1 1
s =10
’ gT ta

equation (8.1)—(8.3) is transformed to
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1 1
Ws —Ayw+§y-Vyw+Ew: lwlP~'w  in W, (8.16)
w=0 on [J 00s), (8.17)
Sp<s<o0
w(y, so) = wo(y) := TP Dug(VT y), (8.18)

where

W ={(y,5); s0 <5< o0, e */*y e},
Qs) ={y; (y,s) e W}, so=—logT.

Equation (8.16) can be written in the divergence form:
2 2 2 1
e M, =, (e 1T w) = e/ (julr~te - Ew) inW. (8.19)

Note that the study of the blow-up behavioras ¢t T is now reduced to studying
the behavior of w as s — oo. If w(y, s) converges to a stationary solution, then w,
should converge to 0 as s — oo in a certain sense. The idea of Giga—Kohn [64, 65]

is to use a certain energy estimate to derive a bound for / / p(y)|ws(y, ) > dyds
w

for some positive function p(y), which then implies that ws must converge to 0 as

s — oo in some weak sense. This is then used to derive that w must converge to a

stationary solution on a subsequence s = s; — 00. Such a subsequential limit is

called a w-limit. In the case 1 < p < (n+2)/(n— 2), the Pohozaev identity implies

that the subsequential limit can only be one of the three constants (uniqueness),

therefore concluding the convergence as s — oo in a similar way as in Remark 6.1.
We start with the definition of the “energy”:

A N S (U ~lyl?/4
)= - - dy, ply) =e /4820
) /ms)( 2 2p—1) p+1 )p(y) v, ply)=e (8.20)

We begin with a lemma (see [97]).

Lemma 8.3. If f(y, s) : W — R is a smooth function, then

d 1
T otwew= [ sy [ fwsmewds, 620
ds Jos) Q(s) 2 Jon(s)
d
d_/ fly,8)dS = fs(y,s)dS
S Jog(s) 092(s)

| (8.22)

#5 o [0 D9+ 979 3] 45

where 1 is the exterior normal vector of 02(s) and dS is the surface area element.
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Proof. Since

fly,s)dy = 6"5/2/ f(xeS/Q,s)dm,
0

02(s)

we have

i
- [y, s)dy
= E6715/2/ f(xe®/?, s)dx
2 Q

. 1
+e"s/2/ (fs(xes/Q, 5) + Vy f(ze*/?,s) - —xes/2)dx
) 2

n

5 [ twsay+ [

(fs(y, s)+Vyfly,s)- %y) dy.
02(s) 2(s)

Thus (8.21) follows from integration by parts. The proof of (8.22) is left as an
exercise. g
We now derive an “energy identity.”

Lemma 8.4.
d 1 ow |2
ws|?pdy = — —E(s) — —/ y-n ’—’ pdS. (8.23)
/_Q(s) o ds ) 4 69(3)( ) on

Proof. Using (8.19) and formula (8.21), noting also that w = 0 on 9{2(s), we derive

dE(s) / 1 -1
= Vuw -V s - s P s d
s o ( w - Vw —l—p_ Jww |w[P~ ww ),0 y

1
+—/ |Vw|?(y - n)dS
4 Jaq(s)

:/Q(S) ws{(ﬁw— |w|p_1w)p—V(pr)}dy

ow 1
+/ ws—pdS—&——/ Vw|?(y -n)dS
20(s) On 4 Jaq(s) Vel (y - n)

0 1
= —/ lws|? pdy +/ ws—wpdS + —/ |Vw|?(y - n)dS.
2(s) a0(s) On 4 Jon(s)

Since w(ze®/?, s) = 0 for z € 912, we derive

1
53?68/2 Vyw(ze®’? s) +wy(ze®?,5) =0 forz € 912,
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ie.,

1
Y- Vyw+ws =0 forye 062(s).

Since the tangential derivatives of w vanish, we obtain

ow
Vi = G 1
so that 9 1 o 12
/ ws—wpdS = ——/ 7 (y - n)dS,
o0(s) On 2 Joqs) 1 On
and the lemma follows. O

Theorem 8.5. If 0 € (2 is a blow-up point, {2 is a bounded domain with 0f2 €
C?T1<p<(n+2)/(n—2),and

C

lu(z, )] < T

in 2 % (0,7), (8.24)

then for any K > 1,
(T — )P Vu(y/T —t,t) — ¢ uniformly for |y| < K ast /' T, (8.25)

where c is either 0, —(p — 1)~/ ®=1 o (p — 1)1/ (P=1),

Proof. Under the assumptions it is not difficult to prove (left as an exercise)

0 c
‘a_xju(xat)‘ < (T — t)(p+1)/2(p71) ) (826)
0 92 c
el o . c |
pr DI (%ciaxju(x,t) S T (8.27)

which implies that the function w(y, s) satisfies
lw(y, s)l,  |wy,; (y,s)],  |wyy,(y,s)| <C for(y,s) e W.  (8.28)

It follows that
sup |E(s)| < oo,

$>580

and hence by Lemma 8.4

// lws|?pdy < oo. (8.29)
w

For any K > 1 and S > 1, by the Schauder estimate (Theorem 3.2) we have
C?F 1+ egtimate for w on any set {|y| < K} x [S, S + 1]. The constant in this
estimate is independent of S.
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We now follow the procedure outlined in Remark 6.1. For any s; ' oo, take
subsequence (still denoted by s;) such that

w(y,s+s;) = Y(y,s) inC*'({|ly| < K} x[0,1]) forany K > 1. (8.30)

It is clear that 1) satisfies (8.16) on R™ x [0, 1]. Since

1 oo
/ / |ws(y, s + 55)*pdyds < / / |ws (y, 8)|? pdyds — 0
0 J2(s+s;) S 2(s)

as s; — oo, we must have

1
/ / |ws(y; S)deyds =0,
0 n

and therefore ¢ = 0 in R™ x [0, 1]. By the Pohozaev’s identity, we must have
Yv=0,—(p—1)"YP=Dor(p—1)"1/F-1),

We next prove that the subsequential limit of w(y, s) can only be one of these
constants. If this were not true, then we could take a 3 between the two constants.
By the intermediate value theorem, there exist s; " oo such that w(0,s;) = 5,
following the above argument we obtain a further subsequential limit ¥ (y, s) such
that ¢(0,0) = (3, ¢ satisfies (8.16), and ©s = 0. This is a contradiction.

For any sequence s;, there exists a convergent subsequential limit. This limit is
independent of the choices of the sequence s; (unique). Thus w(y, s) converges as
s /" oo uniformly on |y| < K (see Remark 6.1). O

Remark 8.1. Actually, the limit in the above theorem cannot be zero [66].

Remark 8.2. This energy estimate can actually be used to establish the blow-up rate
estimates for subcritical p’s without the assumption u; > 0:

Theorem 8.6 (Giga—Kohn[65]). If1 < p < (n+ 2)/(n — 2) and 2 is a smooth
and convex domain, then for the nonnegative solution u(x,t) of (8.1)—(8.3):

C

U(l’;t) < (T — t)l/(p_1)7

where T is the blow-up time.

Remark 8.3. If L{w](s) is bounded from below and satisfies

d
L) == [ ey <0 fors s 1
ds 2(s)

where p > 0, then L[w] is called a Liapunov function. From (8.23) we can easily
construct a Lyapunov function for the corresponding equation.
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8.3 A Method for Studying Asymptotic Behavior

We summarize the ingredients used to prove convergence in the previous section:

1. We need compactness so that we can take a subsequential limit. This is usually
accomplished by PDE estimates.

2. We need a Lyapunov function to show that w,(y, s + s;) converges to zero in
some weak sense.

3. If the corresponding stationary solutions are discrete, then the convergence is true
for s — oo, not just on subsequences.

Without (3), different subsequences may converge to different stationary solu-
tions and we obtain a continuum of stationary solutions. These solutions are called
w-limits.

The Lyapunov function constructed in the previous section contains a factor
p(y) = exp(—|y|?/4). This is possible because the principle part of our equation is
linear.

8.4 Constructing Lyapunov Functions in One Space Dimension

In the one-space-dimensional case, there is a general method for constructing
Lyapunov functions (see Galaktionov [50], Zelenyak [148]). Consider the problem

ws = b1(y, w, wy){wyy + ba(y, w, wy)}. (8.31)

Take a function @ = &(y, w, ¢). We look for Lyapunov function of the form

Ra(s)
Zwl(s) = [ 0ty s), .5y (332)
1(8
Then
d RQ(S)
—L[IU](S) = (dswws + dsqus)dy + Jl
ds Rq(s)

RQ(S)
/ (@u = Py — Poutry = Pyqogy ) wedy + Iz + o
)

Ri(s
RQ(S) @
=— —Lws|*dy
/Rl(s) b1

RQ(S)
+/ (B — By — Py, + éﬁqug)wsdy +Jy+
R1 (S)
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where .J;, Jo are boundary integrals, and we assume that

/Oo(Jl(s) + Jao(s))ds < 0. (8.33)

S0

We look for a function @ such that

@w (ya w, Q) - quy (yv w, Q) - @qw (ya w, Q)q + quq (ya w, Q)bQ (ya w, Q) = Oa

(8.34)
By (y,w, q) > 0. (8.35)
Then Lw](s) — / (J1(n) + J2(n))dn is a Lyapunov function.
Differentiating (%.34) in g, we deduce
_@qqy (y7 w, Q) - @qu (y7 w, Q)q + (@qq(y’ w, Q)bQ(y, w, q))q = 0
Let
Py, w,q) = Pyq(y, w, q),
then (8.34) becomes
- quQ + Py T qpw = (bQ)qp‘ (8.36)

This is a first order PDE for p which can be solved by the characteristic method: the
characteristics are given by

dq dw
b R oy
a 2(y, w, q), q

dy
Solving these equations, we find that w = ¢(y) satisfies the steady-state equation
of (8.31):

byy + b2(y, ¢, ¢y) = 0. (8.37)

We denote by ¢(yo, ¥, wo, qo) the solution of (8.37) satisfying the boundary condi-
tion

® = qo. (8.38)

Y=Yo

= Wo, ¢’lj
Y=Yo

Equation (8.37) can be solved for either y < yo, or y > yo. Rewriting (8.36) as

d
@p<y7 ¢(y07 Y, wo, CIO)> ¢y(y0a Y, Wo, CIO))

= (b2)q (y7 ¢(y07 Y, Wo, qU)a ¢y(y07 Y, Wo, QO))

Xp(y7 ¢(y07yu Wo, (JO)7 (by(yanu Wo, %))7
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and integrating over [0, yo], we then have

p(Yo, wo, qo) = G(éf’(yo, 0,wo,40), ¢y (0,0, wo, QO))

Yo
X exp / (bZ)q (775 d)(yOv 7, Wo, q0)7 ¢y (yOa 7, Wo, q0)> d777
0

(8.39)
where G(w, ¢) is an arbitrary smooth function to be determined later on. Replacing
(40, wo, qo) by (y,w,q) we obtain

ply,w,q) = G(fb(y,O,w,qwn(yﬂ%wﬂ)’n:o)

Yy (8.40)
X exp/ (bQ)q (777Qs(yvnawaq)7¢n(y7nawaQ))dn'
0
We now integrate twice in ¢ to obtain &:
q
2. w.0) = [ (0= Dol w i + (g 0) + gavw). 84D
0

If we let &, (y, w,0) = 0, then zo = 0. The function 21 (y, w) can be determined by
setting ¢ = 0 in (8.34):

(Zl>w(y> ’LU) + p(y7 w, 0)()2(2}, w, 0) =0,

ie.,
w
21(y, w) = —/ p(y,n,0)b2(y,n,0)dn + g(y).
0

We shall take g = 0.

We summarize the procedure for obtaining a Lyapunov function:

First solve the backward ODE (8.37) and (8.38). Then define p by (8.40) with
the function G still to be determined. The form of G depends on the problem being
considered. Finally, define

q
By, w,q) = /0 (¢ = Pply, w, T)dr + 2y, w), (8.42)

where w
yaw) = — / oy, 1, 0)bs(y, 1, 0)d. (8.43)
0

We emphasize that this procedure is formal. Once the Lyapunov function is
obtained, one needs to verify the various properties (such as integrability, bounds,
etc.) needed for the Lyapunov function.

Remark 8.4. For (8.1) in the one-space-dimensional case with a single blow-up
point, it is possible to modify the argument in this section to show that the solution
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in the similarity variable is stable. Although it is possible to have multiple blow-up
points (see Remark 9.2), they are not stable.

8.5 Exercises

8.1. Let w € C2%(R") be a solution of (8.6) and |w| < Cexp(e|y|?) for some
0 < € < 1. Prove that there exists C' > 0 such that,

1
Z |DYw| < Cexp (g\y|2) fory € R™.
lor|<2
8.2. Prove (8.22) of Lemma 8.3.
8.3. Prove (8.26) and (8.27).

8.4. Assume that the solution in the system (8.16) and (8.17) is radially symmetric.
Use the method in Sect. 8.4 to construct a Lyapunov function. Rigorously establish
your estimates and compare your Lyapunov function with (8.20).






Chapter 9
One Space Variable Case

The one-space-dimensional case as well as the radially symmetric case (which is
essentially one-space-dimensional) is very special. In the one-space-dimensional
case, a continuous curve in the z—t plane starting in the left half of the plane
{(z,t); © < 0} cannot end up at the right half of the plane {(z,t); = > 0} with-
out crossing the t-axis {« = 0}. This situation cannot be extended to higher space
dimensional case. The analysis of the sign of u, can be used to study the blow-up
set. For the equation

with Dirichlet boundary conditions, the single point blow-up was established by
Weissler [135] for f(u) = wP and for certain special initial datum. Friedman—
McLeod [42] showed that if the initial datum satisfies ug(x) + f(uo(x)) >0,
the zeroth order compatibility condition, and changes the monotonicity only once
(one-peak), then single point blow-up occurs. The two-peak situation was stud-
ied by Caffarelli-Friedman [17], and the general situation was studied in Chen—
Matano [19].

Remark 9.1. 1t is worth emphasizing that the method in this chapter is strictly
one-space-dimensional (or radially symmetric). One dimensional solutions may
be used to study higher dimensional problems. Unfortunately, this method itself
cannot be extended to higher dimensional case (You might ask the Monkey King
for help). This is one of the many reasons that there are more results in the
one-space-dimensional case.

9.1 Sturm Zero Number

For the solution of u; = a(x)uz, + b(x)u, + c(x)u with appropriate boundary
conditions, the number of sign changes was studied as early as 1836 by Strum [128].
For this parabolic equation with either Dirichlet or Neumann boundary conditions
on a bounded interval, the oscillation of the solution (-, ¢) for any time ¢ > 0 will
not be bigger than the initial datum. The number of sign changes is referred to as the

B. Hu, Blow-up Theories for Semilinear Parabolic Equations, Lecture Notes 97
in Mathematics 2018, DOI 10.1007/978-3-642-18460-4_9,
(© Springer-Verlag Berlin Heidelberg 2011
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Sturm zero number, and also known as the Lap number (see Matano [101]). When
a(z) = 1,b(x) = 0, and f is a smooth function satisfying some growth conditions,
Chen—Matano [19] showed that the blow-up set consists of finitely many points;
the proof employs the idea of studying the zero set of a linear parabolic PDE from
Angenent [4].

In this section we shall only use a special case to illustrate the method.

U = Uz + 0P, (2,t) € 2r = (0,1) x (0,T), 1<p<oo, (9.1
u(0,t) = u(l,t) =0, t>0, 9.2)
u(z,0) = up(z) =0, wup € C?[0,1], uo(0) = up(1) = 0. 9.3)

Definition 9.1. For a function f(z) defined on [0, 1], the Sturm zero number (or the
Lap number) L[f; [0, 1]], counts the number of monotone pieces.

If f € C1[0, 1], we define N[, [a, b]] to be the indicator function of monotonicity
change of f between the two points x = a and x = b, i.e.,

Nlf,[a,b]] =1 if f'(a)f’(b) <0, NI[f,[a,b]] =0 otherwise. 9.4)
Then
L[f;[0,1]] =1 + sup ZN[f, [Zj—1,25]]; O=zp <21 <---<xp =1
j=1

The following theorem is the First Strum Theorem on sign changes stated for the
system (9.1)—(9.3).

Theorem 9.1. Let u be a classical solution of (9.1)—(9.3). Then L[u(-,t);[0,1]] is
monotone nonincreasing in t.

Proof. We want to establish
Llu(-,0); [0, 1] < Lfuo; [0, 1]]. 9.5)
By Hopf’s Lemma (Theorem 3.6)
ugp(0,8) >0, wugy(1,8) <0, 0<t<T. (9.6)
Differentiating the equation in z, we obtain
(Ug)s = (ua)ew + puP~tug, € (0,1), t > 0. 9.7)

For any connected (open) component P of the set {(z,t) € 2,; u,(x,t) > 0}
(2, = (0,1) x (0,t9)), we have

ugp(z,t) =0  on P N (. 9.8)
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Fig. 9.1 Sign of u, t=t,

0 1

If u, = 0 on OP, then u, = 0 on P by the maximum principle, which is a
contradiction (Fig. 9.1). Therefore,

I = 0PN {(z,t) € Q4,5 ugz(z,t) >0} # 0. 9.9)

In view of (9.8) and (9.9), I'1 must intersect the parabolic boundary 0, (2,, = ({z =
0,1} x [0,t0]) U ([0,1] x {t = 0}).

In view of (9.6), I'; cannot intersect {x = 1} x [0, to].

If I'} does notintersect [0, 1]x{¢ = 0}, then we can apply the maximum principle
on the domain bounded by P N (2, and the ¢-axis and using (9.6) to conclude that
u, > 0 there. Since this domain is connected, we conclude that this domain must be
P itself. On the other hand, we can also apply the maximum principle on P using
the boundary condition (ug),(0,¢) = 0 instead of (9.6) to conclude u, = 0 in P,
which is a contradiction.

We thus proved

I n([0,1] x {t =0}) # 0.

We can follow the same procedure to prove that a connected component of
{(x,t) € 24,; uz(z,t) < 0} must contain an interval on the z-axis.

Thus, each connected component of either {(z,t) € 24; u,(z,t) > 0} or
{(z,t) € 24,; ux(x,t) < 0} must contain an interval on the z-axis.

In particular, if 0 < zp < 21 < -+ < Z, < 1 such that uz(xj,to) -
Ug(Tj41,t0) <0G =0,1,--- ,m—1),wecanfind 0 < yo < y1 < -+ < ym < 1
so that (y;,0) can be connected to (x;,to) by a curve on which u, has the same
sign, and therefore (9.5) follows. O

9.2 Finite-Points Blow-Up

Theorem 9.2. Consider (9.1)—(9.3). If uo(x) has k local maxima in [0, 1], then the
blow-up set consists of no more than k points in (0,1).

Proof. Step 1. By Theorem 9.1, we may assume that, for 0 < T — ¢ < 1,

(=1 ug(w,t) >0 for&(t) <a<&i(t), j=0,1,---,2m—1, (9.10)
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where m < k, £(t) = 0 and &,,,(t) = 1. In this step, we want to show that the
limits

i (t ) =1,2,---.,2m —1

tlfn%@( ), J=1,2,--,2m

exist. Suppose this were not true, then for some 1 < j < 2m — 1,

B = 1i1r}i:,111f§j(t) < liIgl/S}lpfj(t) = (. (9.11)

We take o € (1, B2), a # 1/2, and consider the domain
Q:={(z,t); a<z<min(l,2a), T—c<t<T}, 0<ex ).
The function ¥ (z,t) = u(x,t) — u(2a — x, t) satisfies

Yy — AY = c(x, )y inQ, 9.12)
Wlayt) =0, t>0, 9.13)

1 1
YL <0, t>0 ifa<g YQRe)>0,6>0 ifa>z. (914

We assume for definiteness that 1
a < 5

By (9.11), ¥, (e, t) = 2uy(c, t) must change sign infinitely many times as ¢ /" T'.
At the point where ¥, (a, t) > 0, there exists 27 (¢) > 0 such that ¢)(x,t) > 0 for
0 < z < x*(t). At the point where 1, (o, t) < 0, there exists 2~ (¢) > 0 such that
P(z,t) <0for0 <z <z (8).

Take 0 < T — t9 < 1 such that ¥,(c,tp) > 0 and let P be a connected
component of the set {(z,t) € Q; (x,t) > 0} containing (z 7 (ty),to). If » = 0
on JP, then 1) = 0 in P, which is a contradiction. Thus

OP N {(x,t); Y(z,t) >0} # 0. (9.15)
Since ¢ (1,t) < 0, P cannot intersect {x = 1}. It is also clear that
=0 ondPNQ.

Therefore, 0P N{(z,t); ¥ (x,t) > 0} mustintersect [, 1] x {¢t = T'—e¢}, and there
is a continuous curve I';" in P connecting a point (a™ (to), T—¢) (o < a™(to) < 1)
(on which ¥ (a™ (to), T — ) > 0) to (c, to).

Now take T' — ¢ < 1 < tq such that ¢, (o, 1) < 0. A connected component of
{(x,t) € Q; t(z,t) < 0} containing (x~ (t1), 1) cannot intersect I}, and there-
fore cannot have {x = 1} as part of its boundary. Using a similar argument as above,
there exists a ™ (t1), ¥(a”™ (t1),T —€) < 0 and a curve I, (on which ¢ < 0)
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connecting (a™ (t1),T — €) to («, t1). By construction, we must have a™ (t1) <
a+ (to)

Repeating this argument and letting ¢y " T', we find that ¢/ must change sign on
T — ¢ infinitely many times. Since ¢(1,T — ¢) < 0, ¢ (-, T — ) must change sign
infinitely many times near a point 2* where both u(z*, T —¢) and u(2ac— 2*, T —¢)
remains positive in a neighborhood. This is a contradiction to the fact that
Y(x, T — €) is analytic near x = x*.

(We remark here that the analyticity in x can be obtained by using the Schauder
interior estimates).

Step 2. We next finish the proof by showing that if

ug(z,t) 20 fora<az<f, to<t<T, (9.16)

then x = (3 is the only possible blow-up point. Suppose that z = a1 < [ is also a
blow-up point. Then by (9.16), for as € (a1, ),

lim sup u(ag, t) = oco.
t /T

A. We first show that « — oo uniformly on any compact subset of (a2, 3].
Take ¢t; " T such that M; := u(as,t;) — oo. Since u(z, t;) is monotone in ,

uw(z, tj) > M; foras <z < f. (9.17)
Let v(z) be the solution of
v"(z) +oP(z) =0, ©v(0)=1, 2'(0)=0;

the solution v(z) can be solved explicitly, given by

/1 B _ 2 g
= T
w(z) /1 — P+l p+1 77

and thus there exists a unique :cg > 0 such that

v(:l:a:g) =0, v(z)>0 forlz|< 332. (9.18)

Clearly, w;(z) = M, U(M;p_l)/zx) satisfies

wj (z) +wh(z) =0, w;(0) = Mj, (9.19)
"EO fL‘O
. P ) _ . I
w]<:&: M(’H)/Q) =0, w(@) >0 forle] < —CErm. 920
J
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Recalling (9.17) and the fact that u is nonnegative, we can apply the maximum
principle to deduce

20 20
u(z,t) > w(m— —Lr —ag) forag <z < ag+2——2—  t > t;.
M](p 1)/2 M;p 1)/2 J
In particular,
Ty
U(W + 042) = Mj fort > t;. 9.21)
J
Thus, by monotonicity, for any a3 € (aq,(3), we can take M; > 1 such that
0
T
P
e + g < a3, and so
J
u(as,t) > M; fort >t;. (9.22)
Thus
lim inf t) = oc. .23
im i u(as,t) = 00 (9.23)

B. We take a3 < 31 < (8 and consider the function

J=uy —c(z)u!, as<zx<f, T—e<t<T; 1<qg<np.
Then

Jp — AT — puP~ T — 2 (z)qut™ T
> (p— q)e(x)uPT7 1 42 (2)e(z)qu®d™ + &' (z)ul.

We take c(z) = 5sin(w),0 <d <K 1l.Thenfor0 < e < 1,u > 1
1— Q3

uniformly for {as < & < (1, t1 <t < T} by (9.23). Thus

Jo— AT —puP ' T =2 (2)qui™'T >0, az<z<fB, T—e<t<T.
(9.24)
Notice that our choice of ¢ is independent of . By the maximum principle u, (x,
T —¢) < —c. < 0foras < x < 1. Thus if we take J to be small enough, then we
can apply the maximum principle to conclude J > O foras <z < (1, T —e <
t<T.
Integrating the inequality

— >c(x), ag<ax<pB, T—e<t<T (9.25)

over the interval az < & < (3, we obtain that u(«g, t) is uniformly bounded, which
is a contradiction.
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Step 3. We can similarly show that if
ug(z,t) <0 fora<az<f, to<t<T,

then z = « is the only possible blow-up point.

Step 4. Combining all the above steps, the blow-up point can only be the limit as
t /T (the limit exists, by Step 1) of local maxima of u(-, t). Thus we conclude the
theorem. O

Remark 9.2. 1t is possible that the blow-up occurs at exactly finitely many given
points [105].

Remark 9.3. The blow-up set is also studied for many other types of equations, e.g.,
[48].

Remark 9.4. 1t is natural to ask whether this isolated blow-up point occurs in the
boundary source case. An example was constructed in [74] that isolated blow-up
points can also occur in this case.

9.3 Intersection Comparison: An Example of Complete
Blow-Up

The key to intersection comparison is that the number of zeros of a linear parabolic
equation

up = a(r, g, + b2, t)uy, +c(z,t)u, (a(z,t) >0)

cannot increase in time. Therefore if we compare two solutions of the nonlinear
equation such as

up — Au = f(u), u(z,t) = u(r,t), r=|z|;

the number of intersections cannot increase in time.

The intersection comparison is also essentially one-space-dimensional; this in-
cludes the radially symmetric case for several space dimensions.

The principle for intersection comparison is as follows:

1. Find a family of special solutions that has known properties; this is done usually
through the analysis of the corresponding ODE.

2. Compare the solution with solutions found in (1). The difference can have at
most finitely many sign changes; in many applications, the sign will change once
under appropriate assumptions on the initial datum.

3. Use convexity, interface analysis, etc., to obtain the properties of the solution
under investigation.

The intersection comparison can be found in the books by Galaktionov [51] and
Samarskii—Galaktionov—Kurdyumov—Mikhailov [125]. It is used by Galaktionov
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and his co-authors to study various types of problems. The general ideas go back
as early as Sturm [128] in 1836. Here we shall use the simplest model to illustrate
how this method can be used to establish complete blow-up results. For the posi-
tive solution of the equation u; = Au + uP, complete blow-up was established by
Baras—Cohen [8] for all sub-critical p’s; see also Galaktionov—Vazquez [55-57] for
porous medium equations with a nonlinear source. The proof here is from [56], and
we shall only use the heat equation to illustrate the techniques here.
Consider the equation:

ur = Alu] + f(u) In2x{0<t<T},
u=0 ondN x {0 <t < T}, (9.26)
u(z,0) =up(z) =0 in £,

where f(u) > 0foru >0
LI
f(u) ’
and A is an elliptic operator. We assume that A is either linear, or if A is nonlinear,
the nonlinearity of A does not cause blow-up. In another words, we assume that the
blow-up is solely attributed to the source f(u). Some examples include A[u] = Au,
and Afu] = Au™.

If f(u) in (9.26) is replaced by fas(u) := max (M, f(u)), its corresponding
solution is denoted by u ;. Since fj is bounded, it is clear that u ,; is well defined
forall 0 < t < oc.

‘We assume that

1. Fort < T, up — was M — o0, so that u is a solution of (9.26);

2. T is a blow-up time for w, i.e., lim sup sup u(z,t) = +oc.
t/T €

Note that even if u blows up at ¢ = T, it is possible that u(-, 7'—) exists and is
not identically +o0. In this case an extension beyond ¢ > T may be possible, in
this case we say that the blow-up is incomplete. A complete blow-up means that no
extension is possible for ¢ > T after blow-up occurs, even in the weak sense.

Definition 9.2. If forevery t > T,

lim wup(x,t) =+o00, x € L2,
M — o0

we say that the blow-up is complete.

Consider now the radial solution of

Up = Uy + up +uP, u.(0,t) =0, 0<r<R,t>0,

,
w(R,1) =0, t>0, (9.27)
u(r,0) = up(r) = 0.
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We begin with the ODE:
n—1
Upy + " u, +uP = 0. (9.28)
Let U(r) be the solution of
n—1 ,
Urr + U.+UP=0, U(0)=0 (9.29)
such that
U0)=1. (9.30)

Then U(r) is well defined for |r| < 1. We next prove:
2
Lemma9.3. If1 < p < i, (1 <p < ooifn =1,2), then there exists a

n—2
ro > 0 such that

U(r) >0 for0<r<ro, U(ro) =0, (9.31)
U'(r)<0 for0<r<ro. (9.32)

Proof. Let [0, r¢) be the maximal interval on which U (r) remains positive. Then by
Theorem 6.10(i), 7o < oo and hence U(rg) = 0. (Using Theorem 6.10 to prove
ro < oo looks like shooting a mosquito using a gun; one can prove ry < oo directly
from the ODE, but the argument may not be as simple as one might expect).

Since ) ,
U'(r)=— / TnilUp(T)dT,

-1
rm 0

the rest of the lemma follows. O

For notational convenience, we extend U (r) to be zero for r > (.
Set

U(r, ) = A\UNP=D/2p), (9.33)
then U (r, \) is a solution of (9.29) in the region 0 < 7 < A=®=1/2py and U (r) =
U(r,1).

Define the envelope L(r) by

L(r)=supU(r,\). (9.34)
A>0

2
Lemma 9.4. If1 < p < ”—+2 (1<p<ooifn=1,2), then
—

L(r) = ¢t~ 2/, (9.35)
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Proof. From (9.33), we derive

P2/ P=D (r, \) = ()\(p—l)/gr) 2/(p—1)

UAP=D/2p,

It follows that

supr? VU (1, \) = sup s P VU(s) =¢* >0. O
A>0 s>0

In this section, we shall discuss our problem under some additional simplifying
assumptions. We assume that » = 0 is a blow-up point, and

lim sup u(0,t) = +o0. (9.36)
t /T

2
Lemma9.5. Letug € C', 1 < p < n_+2, (1 <p<oifn=1,2), and the
" —

assumption (9.36) be in force. Then there exists r,. > 0 such that

lim inf . .
im in u(r,t) > L(r) forO<r<r (9.37)

we emphasize that this inequality is a strict inequality.

Proof. Take A > 0 such that \=(?=1/2p5 < R. Let

wa(r,t) = u(r,t) —U(r,\), 0<r< X ®PD/25 ¢, (9.38)
Then clearly,
. n—1 ) (2.t
(w)\>t — (w)\)’r’l‘ + r (’LU)\ T + c\r, )'LUA, (939)
0<r< A D2 0<t<T,
wa(A"PV 200 1) >0, 0<t<T, (9.40)

where ¢(x, t) is a bounded function for 0 < ¢t < T — ¢, for any fixed € > 0.

For each t > 0, denote by J[w,](t) the number of sign changes of wy(+,t) in
the interval ~ € [0, \~(P=1)/25], we leave it as an exercise to show that .J(t) is
nonincreasing in time.

Since ug € C1, there exists A >> 1 such that

Jwy](0) =1 for A > A. 9.41)

Therefore
Jwy#) <1 forO<t<T, A> A (9.42)
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In view of (9.36), there exists ¢) < T such that wy (0, ¢y) > 0, it follows that
J[wx](tr) =0, (9.43)
so that ¢ = t, < T such that
Jwy](t) =0 forty<t<T, (9.44)
in this case we must have (recalling (9.40))
wy(z,t) = u(z, t) —U(x,\) >0, 0<r< A P25 ¢y <t <T. (9.45)

Taking the supremum over A € [/, c0), and noticing that for each fixed r € (0, 7.),
the supremum is reached, we conclude the lemma. 0

This lemma is enough for establishing complete blow-up if we further restrict the
range of p’s.

Lemma 9.6. Let ug € C1, 1 < p < LQ (1<p<ooifn=12),and the
n—
assumption (9.36) be in force. Then the blow-up is complete.

Proof. Let
gr(r) = min(k, L(r)) for0 <r <r,, gr(r) =0 forr >r.. (9.46)

In view of Lemma 9.5, it suffices to show that the solution v (r, t) to the problem

ve=Av+gh(r), r<R, t>T, (9.47)
o(r,T) = ge(r), r <R, (9.48)
W(Rt) =0, >T (9.49)

satisfies, for any § > 0,

lim vg(r,T+6) =400 ford>0,0<r<R-—24. (9.50)

k——+oo

2
In fact, since 1 < p < LQ, we have ——pl + (n—1) < —1, and hence
n— p—

1921 2 Bacoy = / o2 (|} dac
Br(0)

T
= nwn/ gh(r)yr"tdr / 400 ask — +oo,
0
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(here nwy, is the surface area of a unit n-dimensional sphere). It follows that

t—T
ol t) > / / Gla.y t.)gl(y)dydr,  t> T,
0 BR(O)

where G(x,y,t,7) is the Green’s function for the Dirichlet problem on Bg(0).
Since G(z, y,t, 7) is bounded from below by a positive constant ¢s on the set

{(xay7ta7—)a 6/2<t_7—<67 R—|$| >6a R_|y| >5}7 (6>O)a

we conclude, forr < R — 0,

t—T
liminf vy (r, T + 6) > liminf / G(z,y,t,7)g;(|y|)dydr
k—oo 0 Br(0)

k—oo

cs0 . .
> - liminf||gi]l a5, o) = +o0. O

In the case p > o there is a singular stationary solution
n—

S(r) = er—2/(p=1), c= [L (n -2 - i)} 1/(p71)- (9.51)

and
R
/ S(ryr"~tdr < cc.
0

n n+2)
, wWe

In order to study the problem when p is in the range (—, o
n—2n-2

consider an auxiliary problem:

or=Ap+ ", r<ry, t>0, (9.52)
#(r1,t) =0, t>0, (9.53)
¢(Tla 0) = U(T’), r< T1, (954)

where we take 1 > rg, and ro defined by Lemma 9.3. Recall that U (r) is defined
by (9.29) and (9.30) and is extend to be 0 for r > 7.

Lemma 9.7. ¢ must blow up at a finite time, say t = 11, and

Jim $(0,1) = +oo. (9.55)

Proof. It is clear that U satisfies

U’'+UP =0 forr<rg, andforr > r.
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Since the corner at r = rg is convex, it is not difficult to prove that there exists
Ui € C?[0,00) (k =1,2,3,---) such that

1

U/ +U >0 forr<oo, Uy=U for\r—r0|<E.

By using an approximation using Uy, as the initial datum and then taking the limit
as k — oo, we derive

¢ =20, ¢ <0 forO<r<ry, t>0.

Since the initial datum is not smooth and ¢(+, ) is smooth for ¢ > 0, we must have
¢ Z 0, and so
¢ >0 forO<r<ry, t>0. (9.56)

By Hopf’s lemma, (¢¢),(r1,€) < 0for 0 < ¢ < 1. It follows that
oe(r,e) — 6P (r,e) 20, r<ry, for0<d<1.

Therefore by the maximum principle, ¢; > §¢P in the domain and it must blow-
up in finite time, which we denote by T;. Since ¢, < 0 and ¢, > 0, (9.55)
follows. O

2
Theorem 9.8. Letug € C1, 1 < p < n_+2’ (1 <p<ooifn=1,2), and the
n—
assumption (9.36) be in force. Then the blow-up is complete.

Proof. The case 1 < p < n/(n — 2) has been considered. We now consider the case

2
n>3, " cpEE (9.57)
n—2 n—2
Denote by T the blow-up time for u(r, t) and set
gr(r) = oIgnglgr hi(§), hg(r) = min (k, 11{1}1%& u(r, t)) (9.58)
Clearly,
d
Zo9e(r) <0, 0<gr(r) <k
It suffices to show that the solution vy (r, t) to the problem
v =Av+0P(rt), r<R, t>T, (9.59)
o(r,T) =gk(r), r<R, (9.60)
v(R,t)=0, t>T 9.61)

satisfies, for any § > 0,
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klirf ve(r,T+8) =400 ford >0, 0<r<R—0. (9.62)

When p is in the range (9.57), it is clear that ¢*(r, 1) = A@(AP~1/2p \P~1¢)
satisfies

or = AP+ (NP, < APV 200 <t < ATPTUT (9.63)

NP2 =0, 0<t< AU, (9.64)
ATV 20 0) = U N), 0<r < A”PTD/2p (9.65)

and blows up at t = A\~ (P~DT}, For 0 < § < 1, we fix \ (it is clear that A depends
only on 4) such that

AP =6, ATPTU2e < R

In view of Lemma 9.5 (c.f. (9.37)), gi(r) > U(|z—2*|, A) for k > A and 2* € R",
|x*| < €0, €0 < 1. Thus by using the maximum principle, we derive

Jim vy (r,t) > Mz -, t=T) forT <t<T+35, (9.66)
—00
so that (notice that vy is monotone nonincreasing in 7)

lim inf wvg(r,T+9) = lim vi(eo, T + 9)
k—oo |z*|<eo k—oo (967)
> lim ¢*0,t—T) = +oc.

t,/ T+6

Using the inequality,
or(jal, 1) > / G,y t, T+ 6oy, O)dy,  t>T+5  (9.68)
Br(0)

We immediately obtain (as in Lemma 9.6)

lim vg(r,t) = +oo0 forr < R—0,t>T +0. O

k—o0

Remark 9.5. In this argument we assume that 0 is a blow-up point. The condition
(9.36) is assumed only for technical simplicity; this argument is valid without this
assumption, with a more detailed analysis near the origin.

Remark 9.6. If the blow-up point is not at the origin, but on a ring || = a > 0, the
argument needs to be modified using “travelling wave solutions” (c.f. [56]).

Remark 9.7. The stationary solutions behave differently when p = (n+2)/(n—2).
With a refined analysis, p = (n + 2)/(n — 2) actually belongs to the complete
blow-up case [56].
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Remark 9.8. From the proof it is clear that the solution blows up in a neighborhood
of the blow-up point z = 0 “immediately after” ¢ = 7. This should be the case if u
is monotone in ¢, which is indeed true (c.f. Martel [100]):

Theorem 9.9. Consider the problem

—Au=g(u)=20, xze€, t>0,
u=0, x€d, t>0,
u(z,0) = uo(z) =0,

where (2 is a bounded smooth domain. Suppose that u blows up in finite time. If
ug € HY(92), and Aug + g(uo) = 0 in (2, then the blow-up is complete.

Remark 9.9. There are examples (c.f. [56]) that the blow-up is incomplete for
2 2

n+2 Oifn>11,andn+

n— _

solution in the example blows up at ¢ = T" and is bounded for each ¢ £ T'.

6
<p<l1l+ < p < oifn < 10. The
n—

We next outline how examples of incomplete blow-up solutions are constructed.
We look for a solution in R™ of the form

u(z,t) = (T — t)fl/(pfl)d)( 1|1$|_ t) fort < T, 069)
u(z,t) = (t - T)fl/(pfl)%/}( t|9:| T> fort > T. .

If we can find ¢(y), ¥ (y) such that

o+ ”—*1¢’ WO - 6t =0, J0)=0, (70
y 2Y p—
T ¢ +; Y +—¢+¢p—o P'(0)=0, (9.71)
lim ¢(y)y2/(P D = lim q/;(y)y?/@ Di=¢* >0, (9.72)
Yy—o0 Y—00

then u(x,t) is a blow-up solution that can be continued for all ¢ > T'. Under this
construction, we have

1 -1 — 2/(p—1) 7
tl/nr}u(x t) m%u(x t) = c*lz|” (9.73)

Such a solution is called a peaking solution. The existence of a peaking solution is
now reduced to the existence of ¢ and v satisfying (9.70)—(9.72).

Note that (9.70) and (9.71) are two separate problems, which we shall discuss in
the next section.
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9.4 Solutions in Similarity Variables

The analysis of the ordinary differential equations (9.70) and (9.71) can be very
technical. Since they are closely related to the blow-up problems, it is not surprising
that some blow-up estimates can be used in studying the properties of the solutions
to (9.70) and (9.71).

In this section we shall only study (9.71).

Lemma 9.10. Consider the solution y(y, A) of (9.71) with (0, A) = A > 0. There
exists a yy > 0 such that

(a) The solution exists for 0 < y < y, and
Yy A) >0 forO<y<yx,  (@)y(y,A) <0 for0 <y <yx;
(b) Either yy is infinite or y is finite, in which case 1(yx, \) = 0.

Proof. Integrating (9.71) we obtain

2 v 2 1
n— Yz, _ n—1_¢2/
Yy ley 4¢ (y>>‘) - /0 g 16 4(p7 1w(§7 )‘) +z/}p(§7)‘))d§

Here ’ indicates the y derivative. Thus the solution exists for 0 < y < 1 and
¢’ < 0 as long as ¢ exists and remains positive. This concludes the proof of the
lemma. O

Lemma 9.11. Ifp > (n + 2)/(n — 2), then for any X\ > 0, 1(y, \) exists for all
0<y <o ie, yy = .

Proof. Suppose yx < co. We rewrite (9.71) as

d , 1

a (y”‘leyQ/“w’(% A)) + y”_leyz/“(l:i/f(y, A) + 9P (y, )\)) =0. (9.74)
Multiplying (9.74) with ¢ and integrating over {0 < y < y» }, we obtain

Yx 5
/ eV ! (y, NPy dy
0

” val 1 o p+1 n—1 O
/O e (Fw (Y, A) + 9 (y,A))y dy.

Multiplying (9.74) with 3% and integrating over {0 < y < yx}, we get
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o y2/4, 21,/ 2, n—1
e’ Py (y, Py dy
0 yx o,
=/ eV AyPyrt (y, Ny dy (9.76)
0

Yx
‘2/4 2 p+1 2,12 n—1
+/0 eY {nz/) (y7)\)+—2(p71)y (8 (y,/\)}y dy.

Finally, multiplying (9.74) with y ¢’ and integrating over {0 < y < yx}, we derive

Yx 2 y2 n—2 n— 1 n_y>
/ < /4(Z +— )W(y, NPy dy + SyRe?™ Y (ya, AP
0

) . ) (9.77)
= /” (% + n) eV’ /4. (ml/}erl(y, A) + m 2(y, A))dy.

The combination 2n x (9.75) + (9.76) — 2(p + 1) x (9.77) gives

o y2/4 A _P;l 2 / 2, n—1
/0 e ((n+2) (n—=2)p ==~y )w (v, MFy" ™ dy
~(p+ 1) e (g, VP = 0,
which is a contradiction since p > (n +2)/(n — 2). O
Lemma 9.12. Suppose thatp > (n + 2)/(n — 2) and 1 is the positive solution to

(9.71) for all y > 0. Then

lim inf

Yy—oo

( Yy, N
Y(y, \)

Proof. If the conclusion is not true, then

)75-1-00

———>1 fory>1,

and therefore
0<9Y(y,\) <Ce™¥ fory>1.

In particular, ¢ and their derivatives are integrable near co. The function

ﬂ) fort > 0.
t+1

u(z,t) = (t+ 1)*1/(”71)1#(
is a global solution to the system

up— Au=uP  inR" x (0,00),

u(z,0) = P(|z))-
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By the estimates at oo for 1 and its derivatives, u and its spatial derivatives are all
integrable near co.
Since our solution u(z, t) is global, we must have, by Theorem 5.3,

1 1
E(t) = < su(z, t)Pde — —— [ wPT(2,t)d
0= | VouletPde = —= [ wl@nae oo
>0 forall0 <t < oo.
We can compute as in Chap. 8 that
E’(t):f/ lug (2, )2 da. (9.79)

A direct computation shows

E(t) = (t + 1){0=2r= (2} /{26-1)

(5 [ 1webPde - — [ wriqende).

Recalling (9.78) and p > (n + 2)/(n — 2) we find that
E(t)>0 for0<t<oo. (9.80)

This is a contradiction to (9.79) since u; # 0. g

Lemma 9.13. Supposep > (n+2)/(n—2) and the solution 1) to (9.71) is positive
forally > 0. Then the limit

lim 9 (y, \)y?/ =Y = ¢,
y—oo

exists and is positive.

: Yy, :
Proof. The function z(y) = — satisfies
) U(y, A)
, 9 n—1 1 1 -1
=2z - = T A 9.81
d= = (o gy)et oy T ) 9.81)

Note that for any « > 0, there exists K > 1 such that z'(y) < 0 on the set
{y > K; z(y) = a} (note that ¢ is monotone decreasing in y). If there exists
yo > K such that z(yp) < a < 400, then we must have z(y) < a forall y > yo.
Thus

limsup z(y) < liminf z(y).

Yy—00 Yy—o0
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By Lemma 9.12 we have lim z(y) is finite. Since, for any o > 0, 2’(y) is strictly
Yy—00

negative on the set {y > 1; z(y) = a}, we must have

lim z(y) = 0.

Yy—00

From (9.81),

/y gn—le{"/zx(L FPTEN) + 22(5))df
0 p—1 ’

yz(y) = 2o/ (9.82)

We now the L’Hospital’s rule to conclude

im —y' N _ lim yz(y) = 2.
y=too Y(y,A) y—too p—1

this implies that, for any 0 < &; < 2/(p — 1), y®11)(y, A) is monotone decreasing
for sufficiently large y, and the limit lim y°4(y, \) exists; thus for 0 < § < 41,
Y—00

lim %% (y, A) = 0. (9.83)

Yy—0o0

Taking 0 < € < §(p — 1), using (9.82) and L’Hospital’s rule, we derive

lim y( 31+y¢’(y7 ))

y e OBy
gt [T (e + 26 e
— 1 p—
_yEIJIrloo y" 2— 5@.7!2/4
=0.

This estimate implies that w = log {y2/(”*1)w(y, )\)} satisfies |w'(y)| < Cy~1—¢
for y > 1, so that w(y) converges to a finite number as y — oo. Thus

lim 3%/ =Dy, \) = cx > 0. O

y——4o0

Lemma 9.14. Supposep > (n+2)/(n—2) and the solution 1) to (9.71) is positive

for all y > 0. Then cy defined in Lemma 9.13 depends continuously on A\, and
lim ¢y = 0.

ANO

Proof. From the ODE it is clear that for any finite @ > 1, 1(a, A), ¥y (a, A) depends
continuously on A. Using the equation one can show that y*¢(a, ) (0 < e < 1) is
bounded on [1, 00), uniformly in a neighborhood of any A = .
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The function w(y, \) = %/ @~y (y, \) satisfies

1
W+ (ary ™ Sy = ey e -y e = ), O84)
where
a 1 >0 (( 9y 2 ) >0
=n — _ - —_ — -
! p—1~ 7 T\ p—1
Thus

2 2 Y 2
v Py g 0) =y ey )+ [ € ulde, 089
Y1

and, fory > y1,

o v
w(y,\) —w(yi, \) = y116y1/4wy(y17)‘)/ sargads
Y1

Y 1 s o 52/4
+/y —/ylﬁ et /1 Jw](€)deds

Sa1652/4
' - (9.86)
a 2
= y116y1/4wy(y17)\) /:l;l st
Yy Yy 5 a 2 2
> (&°—s%)/4
+/yl J[w](g)(/5 (S) e ds)dg.
Notice that
/y (é)“16<52—s2>/4d8 < /y Bo@-s/ags < 2. 9.87)
¢ \S ¢ € 13

It is clear that

Alil&lo Jw(-, N](y) — J[w(, Ao)](y) foreach 0 < y < oco.

Letting y — oo in (9.86) and using Lebesgue’s dominated convergence theorem,
we conclude ¢, is continuous in A. Since ¥ (y, \) = 0 when A = 0, we derive that
¢y is small for positive small \. O

Lemmas 9.10-9.14 can be summarized as follows:

Theorem 9.15. Let p > (n + 2)/(n — 2). Then the nontrivial solution i to (9.71)
is positive for all y > 0. Furthermore the limit

lim ¥(y, )\)yQ/(pfl) =cy

Yy—0oo

exists and is positive, cy depends continuously on A, and cy is small for small \.
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Remark 9.10. For the solution ¢(y, A) to (9.70) with ¢(0, \) = A:

n—1, 1 , 1 _ Py
0 gud =g, F0)=0

¢// +
The singular solution defined by (9.51) satisfies
-1 1 1
S+ P = —— Sy S =0
Y p—1 2
There is also a positive constant solution

m—( 1 )1/(p—1)
= p_—l .

The analysis uses the intersection between ¢(y, A) and S(y). The study relies on

2
this intersection property established in Joseph—Lundgren [79] for nt 5 <p<
4
1+ . In this range of p, it is established [56] that there are solutions
n—4—-2yn—1 geolp [>6]

which intersect S(y) exactly 2m (m = 1,2,3, - - -) times such that 2/ (P=1 ¢(y, \)
has a limit as y — oo. Peaking solutions are then constructed by solving (9.72).

9.5 Exercises

9.1. Theorem 9.1 deals with the Dirichlet Boundary condition. State the result for
the Neumann boundary data and prove it.

9.2. For (9.39) and (9.40), show that the number of sign changes of J(¢) is
nonincreasing in time.

9.3. Prove Theorem 9.8 for the case p = (n+2)/(n—2) by the following procedure:
(a) For any fixed § > 0 show that

inf{u(r,t); r<R—-9,0<t<T}>c>0.
(b) Show that the solution of (9.29) and (9.30) is defined for all 0 < r < oo, and
Ur)=0>r""2) asr — .
(¢) Show that, for any § > 0,

sup U(r,\) =0 as\— oo.
d<r<oo
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(d) Show that for A > 1, U(r, \) will intersect u(z, t) at most twice, and that one
of the intersections lies in {R — § < r < R}.
(e*) For the system

¢t+A¢:¢pa r<ri, t>07
o(r1,t) =c>U(r, ), t>0,
¢(r,0) =U(r, ),

(A > 1) establish the finite time blow-up result and estimate the blow-up time
in terms of A. The fact p = (n + 2)/(n — 2) is used here.
(f) Complete the proof.
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